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Abstract 

A hole in a graph is an induced subgraph which is a cycle of length at least four. We prove that 
for all u > 0, every triangle-free graph with sufficiently large chromatic number contains holes of i' 
consecutive lengths. In particular, this implies the first case of a well-known conjecture of Gyarfas [5]: 
for all i, every triangle-free graph with sufficiently large chromatic number has an odd hole of length 
at least £. 



1 Introduction 


All graphs in this paper are finite and without loops or parallel edges. A hole in a graph is an induced 
subgraph which is a cycle of length at least four, and a hole is odd if its length is odd. A triangle in 
G is a three-vertex complete subgraph, and a graph is triangle-free if it has no triangle. In this paper 
we are concerned with the chromatic number of triangle-free graphs that have no holes of certain 
specified lengths. 

What can we say about the hole lengths in triangle-free graphs with large chromatic number? 
There are three well-known conjectures of Gyarfas [5], the third implying the first two, as follows: 

1.1 Conjecture: For all k,i, there exists n such that if G has no clique of cardinality k and has 
chromatic number at least n, then 

• G has an odd hole; 

• G has a hole of length at least i; and 

• G has an odd hole of length at least £. 

The first has recently been proved in [6], and the second in [4], but the third remains open. In this 
paper we prove the third when k = 2; that is, we prove: 

1.2 For all £, there exists n such that if G is triangle-free with chromatic number at least n, then 
G has an odd hole of length at least £. 

All that was previously known about the lengths of holes in a triangle-free graph G with (suffi¬ 
ciently) large chromatic number seems to be: 

• G contains an even hole [1] (this is true even if we allow triangles, provided the clique number 
is bounded); 

• G contains an odd hole of length at least seven [3]; and 

• G contains a hole of length a multiple of three [2]. 

Let us say a set F of integers is constricting if there exists n such that every triangle-free graph 
with chromatic number at least n contains a hole with length in F. Which sets are constricting? 
Certainly every constricting set is infinite, because there are graphs with arbitrarily large chromatic 
number and arbitrarily large girth. 

Here is basically the only source of counterexamples that we know. Let Gi be the null graph; for 
each i > 1, let Gj be a triangle-free graph with girth at least and chromatic number at least 

i; and let F be the set of all cycle lengths that do not occur in any Gj. Then F is not constricting, 
and yet F has upper density 1. This shows that not every infinite set is constricting, not even sets 
with upper density one. 

Lower density seems to be closer to the truth. As far as we know, a set is constricting if and 
only if it has strictly positive lower density, but we are far from proving the implication in either 
direction. A more approachable question is: suppose that F contains at least one out of every n 
consecutive integers; are all such sets F constricting? We prove a strengthening, the following: 
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1.3 For all integers n > 0 there exists n such that if G is triangle-free with chromatie number at 
least n, then for some t, G has a hole of length t + i for 1 <i < v. 

This implies the conjectures of 1.1, and also the result of [2]. We imagine the corresponding result 
is true for graphs with bounded clique number rather than just triangle-free graphs, but so far we 
have made no progress in proving this. 

2 Chromatic number and radius 

The proof breaks into three cases, depending on the chromatic number of the subgraphs within a 
fixed distance of a vertex, so next let us describe that more exactly. If X C V{G), the subgraph of 
G induced on X is denoted by and we often write x{^) for x{G[X\). The distance (denoted 

by dciu^v) or d{u,v)) between two vertices u,v of G is the length of a shortest path between u,v, 
or oo if there is no such path. If u G y{G) and p > 0 is an integer, Nq(v) or N^{v) denotes the 
set of all vertices u with distance exactly p from v, and Nq[v] or NP[v] denotes the set of all v with 
distance at most p from v. We denote the maximum over all v G V{G) of x(-^g[^]) X^{G) (setting 

X^{G) = 0 for the null graph). 

Since we are only concerned with triangle-free graphs, it follows that X^{G) < 1, but there may be 
vertices v such that large, and such vertices cause difficulties. If we can find an induced 

subgraph H with large chromatic number such that x^{H) is bounded, then we might as well replace 
G by H. If we cannot find such a subgraph, then we will prove that for all i > 4:, G has a hole of 
length i (if its chromatic number is large enough in terms of i). 

Next we assume x^iG) is bounded. If there is an induced subgraph H with large chromatic 
number and with x!^{H) bounded, we might as well pass to that; and if not, we prove that G 
contains holes of any fixed length (except very short ones) if x{G) is large enough. And the same 
for x^{G) for all bounded p. 

Finally, we assume x^{G) is bounded, for some appropriately large p. (We need p to be expo¬ 
nentially large in terms of u.) In that case we prove that G contains holes of u consecutive lengths 
(but the smallest of them might be arbitrarily large). 

Let us say this more precisely. Let > 0; a hole u-interval in a graph G is a sequence Gi,... ,Gi, 
of holes in G, such that \E{Gi+i)\ = |£'(Gi)|-|-l for 1 < i (thus, i/holes with consecutive lengths). 
Let N denote the set of nonnegative integers, and let (/> : N —>■ N be a non-decreasing function. For 
p > 1, let us say a graph G is {p^cf))-controlled if x{H) < 4>{x^{H)) for every induced subgraph H of 
G. Roughly, this says that in every induced subgraph H of G with large chromatic number, there is 
a vertex v such that has large chromatic number. 

We will show the following three statements: 

2.1 Let u > 2; then there exist p > 0 and a non-decreasing function 0 with the following property. 
If G is a triangle-free graph then either G is {p,(j))-controlled or G admits a hole u-interval. 

2.2 Let p > 2 and i > 4p(p -|- 2) be integers. For every non-deereasing funetion 0 : N —> N there 
is a non-decreasing function f with the following property. Let G be a (p, cj))-controlled triangle-free 
graph. Then either G is {2,4)')-controlled or G has an i-hole. 

2.3 Let 4> : 'N ^ N be a non-decreasing function; then for all i > 4 there exists n such that every 
{2,4))-controlled triangle-free graph with chromatie number more than n has an i-hole. 
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2.3 is easy for £ < 6 , and in another paper [3] (with Maria Chudnovsky) we proved it for i = 7, 
expecting that to be the easiest of the open cases. By a happy coincidence, i = 7 turns out to be 
the one case that is not handled by the proof method of the present paper. 

Let us see that these three together imply 1.3. 

Proof of 1.3, assuming 2.1, 2.2, 2.3. Let v >2, and let p and cj) be as in 2.1. Let ^i = p{2p + 7)), 
and for i = 1,..., i/ — 1 let = £o + L By 2.2, for each i G {0,... , z/ — 1} there is a function cj)' as in 
2.2 (with (. replaced by £*); define (pi = 4’’■ Thus (pQ,, (pu-i are all non-decreasing functions; define 

V’(k) = max((/)o(K),... , (Pu-i{k)) 

for K > 0. Thus Ip is non-decreasing. Now by 2.3 (with (p replaced by 4) for ^ = 4,..., z/ — 3 there 
exists n as in 2.3; let rii = n. Let n = max(n 4 ,..., n^+ 3 ). 

We claim that every triangle-free graph with chromatic number more than n admits a hole k- 
interval. For let G be such a graph, and suppose it admits no hole zv-interval. From the choice of p 
and 4, it follows that G is (p, (/))-controlled. For some i G {0,..., z^ — 1}, G has no t'j-hole; so from 
the choice of 4i: G is (2, (/)j)-controlled and hence (2, ■0)-controlled. For some i G {A,... ,i' + 3}, G 
has no f-hole; and so from the choice of n^, x(G) < n£ < n. This proves 1.3. | 

The three statements 2.1, 2.2, 2.3 will be proved in separate parts of the paper, and in reverse 
order. What we are proving is a considerable strengthening of 1.1, and we expect it would be of 
interest if we show how to prove 1.1 alone. This is much easier, and does not need anything after 
section 3 of this paper. We sketch a proof of it at the end of section 3. 

3 Radius 2 

In this section we prove 2.3. We begin with the following: 

3.1 Let (/) : N —)■ N be non-decreasing, and let G be triangle-free and {2,4)-controlled. 

• If x{G) > <^(2) then G has a 5-hole. 

• If x{G) > 4{^) then G has a 6 -hole. 

• If x{G) > 4{4{4{‘^4{‘^) + 2 ) -|- 1 ) -|- 1 ) then G has a 7-hole. 

• If G has no A-hole, then for all I >5, if x{G) > <^(2^ — 9) then G has an I-hole. 

Proof. The first statement was proved in [3], but we repeat the proof because it is easy. Suppose 
that x{G) > </>( 2 ), and let u be a vertex such that x(G) < 4ix{7l‘^['c]))- It follows that x(-^^M) > 2 , 
and so there are two adjacent vertices x,y G N‘^{v). Since G is triangle-free, x,y,v, together with 
two vertices of N^{v) adjacent to x,y respectively, form a 5-hole. 

For the second statement, let x{G) > </>(3), and choose a vertex v such that x(G') < </'(x(-^^N))- 
It follows that x(^^[^^]) > 3, and so xiTl'^i'c)) > 2; and hence there is an odd hole P in G[A^^(u)]. 
Let P have vertices pi-p 2 - ■ ■ --Pn-Pi in order, where n > 5. Choose S C N^{v) minimal such that 
every vertex in V(P) has a neighbour in S. Let Sj G 5 be adjacent to p* for 1 < i < n. (si,..., S 5 
may not all be distinct.) For each s G S, some vertex in P is adjacent to s and to no other vertex in 
S, from the minimality of S. Consequently we may assume that p^ is adjacent to S 3 G 5 and has no 
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other neighbour in S. If pi is nonadjacent to S 3 then V-S 1 -P 1 -P 2 -P 3 -S 3 -V is a 6 -hole as required, so we 
may assume that pi is adjacent to S3, and similarly p^ is adjacent to S3. If S2, S4 are nonadjacent to 
P 4 ,P 2 respectively then V-S 2 -P 2 -P 3 -P 4 -S 4 -V is a 6 -hole, so we may assume that one of S2, S4 is adjacent 
both of P 2 ,P 4 , say S 2 - But then S 3 -P 1 -P 2 -S 2 -P 4 -P 5 -S 3 is a 6 -hole. 

The third statement is proved in [3]. 

For the fourth statement, assume that G has no d-hole, and let £ > 5 be an integer. Assume 
that x{G) > — 9), and choose a vertex v such that x{G) < 4>{x{N‘^[v]))- It follows that 

x{N‘^{v)) > 2i — 9. Let vi,... ,vt be the neighbours of v, and for 1 < i < f let Ai be the set of 
vertices in N‘^{v) adjacent to Vi. Since G has girth at least five, it follows that Ai,..., are disjoint 
and form a partition of N‘^{v). Choose X C N‘^[v) minimal such that x{^) > 2,1 — 9] and it follows 
that every vertex of G[X] has degree at least 2£ — 9 in G[A]. Choose an integer n > 1 maximum 
such that n < i — ^ and there exist distinct xi,... ,Xn ^ X with the following properties: 

• xi,... ,Xn are the vertices in order of an induced path of G[X] 

• xi,..., Xn all belong to distinct sets Ai,..., A*. 

We may renumber vi,... ,vt and Ai,..., A* such that Xj G A* for 1 < i < n. Certainly n > 1; 
suppose that n < i — 3. Now Xn has at most one neighbour in Aj for 1 < i < n — 1, since G has 
no 4-hole; since A„ is stable, Xn has no neighbour in A„; and at most n — 1 neighbours of Xn are 
adjacent to a vertex in {xi,..., Xn-i}. Since Xn has degree in G[X] at least 2(. — 9 > 2{n — 1) and 
Xn has degree at least £ — 4 in G[A], it follows that x„ has a neighbour y £ X f] Aj for some j > n, 
such that y is nonadjacent to all of xi,..., x„_i, contrary to the maximality of n. Thus n = i — 3. 
Since £ > 5, v-vi-xi- ■ ■ ■ -Xn-Vn-v is an .^-hole as required. This proves 3.1. | 


Let X C V{G). A t-trellis on X in G is a subgraph LI of G with the following properties. 

• X <ZV(H), and V(H) \ X consists of the disjoint union of four sets {ai,,..., at}, { 61 ,..., h}, 
{ttxj ■ X G X,1 < j <t} and {bxj ■ x £ X,1 < j <t}. 

• The edges of H are as follows: 

— ajbj for 1 < j <t; 

— XQxj and xbxj for x G A and 1 < j < t] and 

— axjttj and bxjbj for x G A and 1 < j < t. 

(Thus, to construct H we start with Ks^ 2 t, with bipartition A and Y say, where |A| = s; 
subdivide all its edges; and then add a matching pairing up the vertices in Y.) 

• For all distinct u,v £ V{H), if u,v are adjacent in G and nonadjacent in H then there exist 
x,x' £ X and j £ {1,... ,t} such that {u, x} = {uxj, bx'j}. (In particular, A is stable.) 

We also need a modification of this. An extended t-trellis on X in G is a subgraph H of G with 
the following properties. 

• ACC (H), and V {H)\X consists of the disjoint union of four sets {oq, oi,,..., at}, {bo, 61 ,..., bt}, 
{ax,j '. X £ X,0 < j < t} and {bxj ■ x £ X,0 < j <t}, together with one more vertex cq. 
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• The edges of H are as follows: 

— qqCq and cq^q; 

— ajbj for 1 < j < f; 

— XQxj and xbxj for x G X and 0 < j < t] and 

— cixjaj and bxjbj for x G X and 0 < j < t. 

• For all distinct u, x G V{H), if u,v are adjacent in G and nonadjacent in H then there exist 
X, x' G X and j G {0,... , t} such that {u, x} = {axj, bx'j}- 

We need both these definitions; we will show that certain graphs contain extended trellises, and 
to do so we first show they contain trellises, and then find the extension. 

3.2 For every integer £ > 8 , there exists t > 0 with the following property. Let G be a graph, let 
X C V{G) with |X| = t, and let H be an extended t-trellis on X. Then G has an i-hole. 

Proof. By Ramsey’s theorem, there exists t > 0 such that if A is the set of all triples {i,i',j) 
with 1 < i < i' < t and 1 < j < t, and we partition A into two subsets Ai, A 2 , then there exist 
R, <5 C {1,..., n} with |R|, |S| > i, such that the triples (f, i',j) with i < i' € R and j € S either all 
belong to Ai or all belong to A 2 . We claim that n satisfies the theorem. 

For let G, X, H be as in the theorem. Let X = {xi ,... ,xt}, and let Ai be the set of all triples 
(f, i',j) with 1 < i < i' <t and 1 < j <t such that aij,biij are nonadjacent, and let A 2 be the set of 
all such triples such that aij,birj are adjacent. From the choice of t, we may assume that for some 
k G {1,2}, {i,i',j) G Ak for all i,i',j with 1 < i < i' < I and 1 < j <1. 

For 1 < i < £ let Pj be the path Xi-aj^i+i-aj+i-ai+i^i+i-Xi+i. If A: = 1 let Qi be the path 
Xi-ai^i+i-Oi+i-bi+i-bi+i^i+i-Xi+i, and if A: = 2 let Qi be the path Xi-Oj^i+i-fti+pj+i-Xi+i. Thus Pi has 
length four, and Qi has length five if A: = 1, and three if A = 2 . 

Suppose that £ is a multiple of four, say i = Ap. Then the union of Pi,... ,Pp-i and the path 
xi-ai^i-ai-Qp^i-Xp is a hole of length £ as required. Thus we may assume that £ is not a multiple of 
four. 

If A = 2, choose integers p, (7 > 0 such that £ = Ap+2>q and q > 0; then the union of Qj (1 < f < q), 
Pi {q ^ i < P + q), and xi-aiq- 6 p+gp-Xp+g is the desired hole. 

Thus we may assume that A = l. If £ ^ 11, then, since 4 does not divide £, £ can be expressed 
as Ap + bq where p,q are nonnegative integers and g > 0; and the union of Qi (1 < i < q), 
Pi {q < i < P + q), and xi-aiq-ai-6i-6p+gq-Xp+g is the desired hole. 

Finally we may assume that £ = II. If ai^o,& 2 ,o are nonadjacent then the union of Qi and 
xi-aifi-ao-CQ-hQ-b 2 fl-X 2 is the desired hole; while if ai^o,ft 2 ,o are adjacent then the union of P 2 , 
xi-aifi-h 2 fl-X 2 , and xi-oi^s-as-os^a-xa is the desired hole. This proves 3.2. | 

We remark that we only used the “extended” part of the trellis in 3.2 for the case £ = II. To 
prove the result just for £>8 and £ 7 ^ 11 , the same proof would work for a (non-extended) trellis. 

We also need another definition. Let x G V{G), let N be some set of neighbours of x, and let 
G C V{G) be disjoint from N U {x}, such that every vertex in G is nonadjacent to x and has a 
neighbour in N. In this situation we call (x, Ai) a eover of G in G. For G,X C V{G), a multieover 
0 / C in G is a family (Nx : x € X) such that 
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• for each x € X, (x, N^) is a cover of C; 

• for all distinct x, x' G X, x' has no neighbour in (and in particular all the sets {x}UA(j; 

are pairwise disjoint). 

If in addition we have 

• for all distinct x^x' G X, no vertex in N^i has a neighbour in X^,, 
we call {Nx : x G X) a stable multicover. 

3.3 For all t,K > 0, there exist r, m > 0 with the following property. Let G be a triangle-free 
graph such that every induced subgraph of G with chromatic number more than k has a b-hole. Let 
C C V{G) with chromatic number more than r; and let {N^ : x G X) be a multicover of G with 
|X| > m. Then there exist Y C X with |y| = t and an extended t-trellis on Y in G. 

Proof. For 0 < s < t let and let m' = m'^. For 0 < s < t let ms = 5t(20m')*“^, and 

let m = mo- Let r/ = k + 1, and for s = t — 1,..., 0 let 

r' = 5(m' +l) + 5<r'+i. 

Let t' = tq. Let Tt = k + 1, and for s = t — 1,..., 0 let 

Ts = 5(ms + 1) + + 2”^«5™^Ts+i. 

Let r = Tq. We claim that r, m satisfy the theorem. Let G be a triangle-free graph such that 
every induced subgraph of G with chromatic number more than n has a 5-hole. We shall prove the 
following, which implies the theorem: 

(1) Let G C V{G) and let : x G X) be a multicover of C, such that either 

• x{C) > T and |X| = m, or 

• x(C') > t' and |X| = m' and {N^ : x G X) is stable. 

Then there exist PCX with |y| = t and an extended t-trellis on Y in G. 

If X' C X, and N'^ C Nx for each x G X', and C' C C, and every vertex in C' has a neigh¬ 
bour in N'x for each x G X', then {N'x : x G X') is a multicover of G', and we say it is contained in 
{Nx : X G X). Consequently, to prove (I), we may assume that: 

(2) Either 

(Case 1) x(C') > t and |X| > m and there do not exist G' C G with x{C') > t' and X' C X with 
|X'| > m' and a stable multicover {N'x : x G X') of G' contained in {Nx : x G X), or 

(Case 2) x(C') > o.'^d |X| > m' and {Nx : x G X) is stable. 
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Now we construct a t-trellis on a subset of X as follows (later we will enlarge it to an extended 
trellis). We begin with the 0-trellis on X, Hq say, and let Cq = C. Inductively, suppose that s < t, 
and we have constructed an s-trellis Hg on a subset C X, with vertex set the disjoint union of 
{oi,,... ,as}, {bi,... ,bs}, {a^;^ : x e Xg,! < j < s} and {b^j ■ x £ Xg,l < j < s} in the usual 
notation, and a subset Cg C C, satisfying: 

• o,x,j,bxj £ Nx for each x £ Xg and 1 < j < s; 

• aj, bj G C for 1 < j < s; and 

• in case 1, jX^I = mg, and in case 2, jX^I = rrig. 

• no vertex in V{Hg) has a neighbour in Cg] 

• for each v £ Cg and each x £ Xg, there is a neighbour of v in Nx that has no neighbour in 
V{Hg) except x; and 

• in case 1, x{Cs) > Tg, and in case 2, x{Cs) > Tg. 

For each x £ Xg, let N'^ be the set of vertices in Nx with no neighbour in V{Hg) except x. Then 
(X^ : x £ Xg) is a multicover of Cg, and is stable in case 2. 

Since x{Cg) > Tg > k, there is a 5-hole P in G\Cs\, with vertices pi-p 2 - P 5 -P 1 say, in order. 

For each x £ Xg, and 1 < i < 5, let Di{x) be the set of vertices in N'^ adjacent to pi, and select 
di{x) £ Di{x). Thus the union of V{P) and {di{x) : 1 < i < 5,x G X^} has cardinality at most 
5 ( 1 X 5 ! -|- 1), and since G is triangle-free, there exists G] C Gg with x(C'i) > x{Gs) — SdX^j -|- 1), such 
that no vertex in Cg is adjacent to any of the vertices di{x) or to any vertex in P (and in particular, 

clnv{P) = 0 ). 

For each x G X 5 , no vertex is in more than two of Di{x),... ,D^{x), because G is triangle-free. 
For each v £ Cg and x G X 5 , since v has a neighbour in X^, it follows that there exist adjacent 
vertices pk,Pk+i of P such that some neighbour of v belongs to X^ \ {Dk{x) U Dk+i{x)) (reading 
subscripts modulo 5); choose some such k and define Cx{v) = k. There are 5 !^'’! possibilities for 
the X^-tuple {cx{v) : x £ X), and so there exists Cg C Cj with xiCg) > x(C'i)/5^'^''d such that 
Cx{v) = Cx{v') for all x G Xg and all v,v' £ Cg. Moreover, since there are only five possibilities for 
Cx{v), there exists /c G {1,... ,5} and Yg C X 5 with ly^j = IX 5 I /5 such that Cx{v) = k for all x £ Yg 
and V £ Cg. Thus x{Cf) > {x{Cs) — 5(|Xs| -|- l))/5l'’^®l, and so in case 1 

xiC^g) > (Tg - 5 {mg + l))/ 5 ™^ = + 2 ^^Tg+u 

and in case 2 

x{C^g)>{r'g-5{m'g + l))/5<=TUi- 

Let a^+i = pk and bg+i = pk+i, and for each x G X 5+1 let a 2 ,, 5 +i = dkix) and bx,s+i = dk+iix). 
Next we define In case 2 we define = Cg] so henceforth we assume we are in case 1. 

Let Z be the union of the sets { 03 ,^ 5 +!, G W); then jZj = 2msj5 < ^s- Let z £ Z, and let 

Y CYg with |y| = m'. Let be the set of vertices v £ Cg such that for each x £Y there exists a 
vertex in X^ adjacent to both v,z. For each x G y, let X" denote the set of vertices in X^ adjacent 
to z; then {N" : x G X) is a multicover of and it is stable, since G is triangle-free. Since we 

are in case 1, it follows that x{Dz,y) < t'. Now let denote the set of vertices v £ C^ such that 
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for at least m' values of x G Yg there exists a vertex in N!g adjacent to both v, z; that is, is the 
union of the sets Dz^y over all choices of Y. Since there are only at most choices of Y, it follows 
that x{Dz) Y r'. Thus the union of the sets Dz over all z G Z has chromatic number at most 
, and so there exists C with 

x{Cl) > x{Cl) - m-'+V' > 

such that for every v G Cg, and every z G Z, there are fewer than m' values of x G Yg such that some 
vertex in is adjacent to both v,z. 

Fix V G Cg for the moment, and make a digraph with vertex set Yg in which for distinct 
x,y G Yg, y is adjacent from x in if some vertex in Ny is adjacent to v and to one of 03 ,^ 5 +!, bx,s+i- 
We have just seen that for all v, every vertex of the digraph has indegree in J at most 2m' — 2. 
It follows that in J„, some vertex has indegree plus outdegree at most 4m' — 4, and the same holds 
for every nonnull subdigraph of Jy, and so the undirected graph underlying can be 4m'-coloured. 
Hence there is a subset Uy say of Yg of cardinality \Yg\/{Am') = m^+i such that no edge of Jy has 
both ends in Uy. There are only 21^® I possibilities for Uy, and so there exists Cf C Cg with 

x{C^)>x{C^)/2\^^'>rg+i 

such that the sets Uy are equal for all v G Cf. Let be this common value of Uy, and let 

Cs+i = Cf. This completes the definition of Cs+i in case 1. 

In both cases, the pairs aj, bj{l < j < s + 1) and the vertices Uxj, bxj{x G Xg^i, 1 < j < s + 1) 
define an (s + l)-trellis iL^+i on ^s+i, and no vertex in iLs+i has a neighbour in and for all 

V G Cs+i and x G ^s+i, some neighbour of v in Nx has no neighbour in V{Hg^i) except x. This 
completes the inductive definition of Hg and Cg for 0 < s < t. 

Thus there is a t-trellis on the set Xt, where \Xt\ = 5t; next we need to convert it to an extended 
t-trellis on a subset of Xt of cardinality t. With the same notation as before (with s = t), since 
x{Ct) > > K, there is a 5-hole P in G[Ct], with vertices pi-p2- ■ ■ ■ -P5-P1 say, in order. Let x G Xp, 

a handle for x means a 3-vertex path a-c-b of P such that some vertex in N'^. is adjacent to a, and not 
to b, c, and some vertex in is adjacent to b and not to a, c. We claim that there is a handle for x. 
Choose S C N'g. minimal such that every vertex in V(P) has a neighbour in S. For 1 < i < 5, choose 
Si G S adjacent to pi. Suppose first that some si G 5 has only one neighbour in V{P), say pi. Then 
no other vertex in S is adjacent to pi, from the minimality of S, and since S 3 is nonadjacent to p 2 it 
follows that P1-P2-P3 is a handle for x. We may assume therefore that each s* has at least two (and 
hence exactly two) neighbours in V{P). Let si be adjacent to pi,PA say. From the minimality of S, 
one of pi,P 4 has no more neighbours in S, say pi. But then again pi-p2-P3 is a handle for x. This 
proves the claim that for each x G Xt there is a handle for x. Since there are only five possibilities 
for handles, there exists Xq C Xt with |Xo| = |^t|/5 = t such that every vertex in Xq has the same 
handle, say ao-co- 60 . For each x G Xq let axfl G be adjacent to uq and not to bo, cq, and let bxfl be 
adjacent to bo and not to oq, cq. Then the pairs aj, bj{l < j < t), the path ao-CQ-bo, and the vertices 
Oxj) bx,j{x G -Ts_|_i, 0 < j < s -|- 1) define an extended t-trellis on Xq. This proves 3.3. | 


From 3.2 and 3.3 we deduce: 

3.4 For all K >0 and i > 8, there exist r, m > 0 with the following property. Let G be a triangle-free 
graph such that every indueed subgraph of G with ehromatic number more than k has a 5-hole. Let 



C C V{G) with chromatic number more than r; and let {N^ ; x € X) be a multicover of C with 
\X\ > m. Then G has an £-hole. 

Let G be a graph and let t > 0 be an integer. A t-cable in G consists of; 

• t distinct vertices xi,... ,xt, pairwise nonadjacent; 

• for 1 < i < t, a subset Ni of the set of neighbours of x*, such that the sets Ni,... ,Nt are 
pairwise disjoint; 

• for 1 < i < t, disjoint subsets , Zi^t, Yi of A*; and 

• a subset C CV(G) disjoint from {xi,..., xt} U Ai U • • • U At 
satisfying the following conditions; 

• for 1 < i < t, every vertex in C has a neighbour in Yi, and has no neighbours in Zij for 
i + I < j < t, and is nonadjacent to x*; 

• for i < j < t, Xi has no neighbours in Nj] 

• for i < J < A: < f, there are no edges between Zij and A^; 

• for all i < J < t, either 

— Zij = 0 and xj has no neighbours in 1^, or 

— every vertex in Nj has a neighbour in Zij and has no neighbours in Yi. 

We call C the base of the t-cable, and say x{C) is the chromatic number oi the t-cable. Given a t- 
cable in this notation, let / C {1,..., t}; then (after appropriate renumbering) the vertices Xj {i G I), 
the sets A* (i G I), the sets Zij {i,j G I), the sets Yi {i G I) and G define an |/|-cable; we call this a 
subcable. 

Thus there are two types of pair (i, j) with i < j < t, and we aim next to apply Ramsey’s theorem 
on these pairs to get a large subcable where all the pairs have the same type. Two special kinds of 
f-cables are therefore of interest; type 1 f-cables, where for all i < j < t, Zij = 0 and xj has no 
neighbours in Yi, and type 2 t-cables, where for all i < j < t, every vertex in Nj has a neighbour in 
Zij and has no neighbours in 1^. A type 1 t-cable with base C is just a multicover of G in disguise, 
so from 3.4 we have; 

3.5 For all K >0 and i > 8, there exist r, m > 0 with the following property. Let G be a triangle-free 
graph such that every induced subgraph of G with chromatic number more than n has a 5-hole. If G 
admits a type 1 m-cable with chromatic number more than t, then G has an (.-hole. 

We need a similar theorem for type 2 cables. 

3.6 Let G be a triangle-free graph. For all (> 5, if G admits a type 2 {( — 3)-cable with nonnull 
base, then G has an (-hole. 
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Proof. Let t = i — 3 (and so t > 2) and assume G contains a type 2 t-cable with nonnull base. In 
the usual notation, let v (z C. Since every vertex in C has a neighbour in Yt, there exists yt €z Yt 
adjacent to v. Since every vertex in has a neighbour in there exists Zt-i € adjacent 

to yt- Similarly for i = t — 2, t — 3,..., 1 there exists Zi G such that Zj+i is adjacent to Zi. Thus 

Z\-Z 2 - ■ ■ ■ -Zt-i-yt is a path. It is induced; for if i,j^t and j > i + 2 then Zi has no neighbour in Nj, 
since Zi G Since xi is adjacent to zi and to none of 2 : 2 , • • •, zt-i,yt (because t >2 and xi has 

no neighbours in Nj for j > 1), and v is adjacent to yt and nonadjacent to xi, zi,..., zt-i-, it follows 
that 

X 1 -Z 1 -Z 2 - zt-i-yt-v 

is an induced path. Now v has a neighbour yi G Li; and we claim that yi is nonadjacent to 
zi,..., zt-i,yt- Certainly yi, zi are nonadjacent, since they are both adjacent to xi and G is triangle- 
free. For 2 < j < t — 1, yi is nonadjacent to zj since every vertex in Nj has no neighbours in Yi. For 
the same reason, yi is nonadjacent to yt, since t > 1. Consequently 

X 1 -Z 1 -Z 2 - zt-i-yt-v-yi-xi 

is a hole of length t + 3 = ^. This proves 3.6. | 

We deduce: 

3.7 For all K > 0 and £ > 8, there exist t,T > 0 with the following property. Let G be a triangle-free 
graph such that every induced subgraph of G with chromatic number more than k has a b-hole. If G 
admits a t-eable with ehromatic number more than r then G has an i-hole. 

Proof. Let m, r be as in 3.5. Let n = I — 3. Let t equal the Ramsey number R[m,n)', that is, 
the smallest integer t such for for every partition of the edges of Kt into two sets, there is either a 
Km subgraph with all edges in the first set, or a Kn with all edges in the second. We claim that t, r 
satisfy the theorem. 

For let G admit a t-cable with base G and chromatic number more than r. By Ramsey’s theorem 
either 


• there exists I C {1, ... ,t} with |/| = m such that for all i,j G / with i < j, every vertex in Nj 
has a neighbour in Zij and has no neighbours in 1^, or 

• there exists / C {1,..., t} with |/| = n such that for all i,j G / with i < j, Ztj = 0 and Xj has 
no neighbours in Yt. 

Thus either there is an m-subcable of type 1, or an n-subcable of type 2, with base G in each case. 
In the first case the result follows from 3.5, and in the second from 3.6. This proves 3.7. | 


3.8 Let (f : N ^ 'N be non-decreasing, and let t,T > 0. Then there exists t' with the following 
property. Let G be a triangle-free graph such that G is {2,4))-controlled and x(G') > t' . Then G 
admits a t-eable with ehromatic number more than r. 
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Proof. Let r* = r, and for s = t — 1,..., 0 let = (j){2^Ts+i + 1); and let t' = tq. We claim 
that t' satisfies the theorem. For let G be a triangle-free graph such that G is (2, (/))-controlled and 
x{G) > t'. Consequently G admits a 0-cable with chromatic number more than tq. We claim that for 
s = 1,... G admits an s-cable with chromatic number more than Tg. For suppose the result holds 
for some s < t; we prove it also holds for s-1-1. In the usual notation, since x(G) > Tg = (j){2^Tg^i + l), 
there exists xt+i € G such that x(-^g[C]^ -|- 1, and hence xg[C]> “^^Ts+i- 

Let D = For each v € D, and 1 < f < s, if some neighbour of v in Yi is nonadjacent 

to Xs+i define Ci{v) = 1, and otherwise define Ci{v) = 2. There are only 2^ possibilities for the 
s-tuple (ci(u),... , Cs{v)), and so there exists C ’Z D with x{C) > x{D)/2^ > r^+i and an s-tuple 
(ci,..., Cg) such that Ci{v) = c* for all v G C' and 1 < f < s. 

Let W-i-i = be the set of neighbours of x^+i in G. For 1 < f < s define Zi^s^i,Y- C Yi as 

follows: 

• if Cj = 1, let y/ be the set of vertices in Yi nonadjacent to Xj+i, and let Zi^g^i = 0 

• if Cj = 2, let y/ be the set of vertices in Yi adjacent to and let Zi^g^i be the set of vertices 
in Yi nonadjacent to x*. 

Note that in the second case, no vertex in Zi^g^i has a neighbour in C', and no vertex in Y^ has a 
neighbour in y/_|_i. It follows that xi,..., x^+i, the sets Ni,, W-i-i, the sets Zij for 1 < i < j < 
s -|- 1, the sets Yl for 1 < f < s -|- 1, and G', define an (s -|- I)-cable with chromatic number more than 
Ls-|-1 • 

This proves that G admits a t-cable with chromatic number more than Tt = r, and so proves 

3.8. I 


Let us put these pieces together to prove 2.3, which we restate: 

3.9 Let (/> : N —N 6e o non-decreasing function; then for all i > A there exists n such that every 
{2,<p)-eontrolled triangle-free graph with chromatie number more than n has an l-hole. 

Proof. If I < 7 the result follows from 3.1, so we may assume that I > 8. Let k, = 4>{2). By 3.1, 
every induced subgraph of G with chromatic number more than k has a 5-hole. Let t, r be as in 
3.7; and let t' be as in 3.8. Let n = t' . We claim that n satisfies the theorem. For let G be a 
(2, (/>)-controlled triangle-free graph with chromatic number more than n. By 3.8, G admits a t-cable 
with chromatic number more than r; and by 3.7, G has an f-hole. This proves 3.9. | 


If we just want to prove the first conjecture of 1.1, rather than the full strength of 1.3, the 
remainder of the paper is not needed; let us explain why. The following is proved in [3] (the proof 
just takes a few lines): 

3.10 Let i > 3 and k> 1 be integers, and let G be a graph with no hole of length more than i, sueh 
that xilh7(v)), x{^‘^(v)) < for every vertex v. Then x{G) < (2f — 2 )k. 


For each k > 0, let </>(k) = {2^ — 2,)k. It follows from 3.10 that if G has no hole of length more 
than f, and H is an induced subgraph of G with x{H) > then xi^nio]) > n for some vertex v 


11 



of H; that is, G is (2, (/>)-controlled. Then from 3.9 it follows that x{G) is bounded, which proves the 
hrst assertion of 1.1. Indeed, we don’t even need all of 3.9; instead of an .^-hole, we are content with 
a hole of length at least i, and with this modification 3.9 is easier to prove. For instance, we could 
get by with trellises instead of extended trellises, since holes of length 11 are of no significance, and 
indeed we could just use 1-subdivisions of a large instead of trellises, since we are not picky 
about the exact length of the hole. 

4 Bounded radius 

In this section we prove 2.2, which we restate, somewhat reformulated: 

4.1 Let (/) : N —>■ N 6e non-decreasing, and let p > 2 and i > ^p{p + 2) he integers. There is a 
non-deereasing function (/>' : N —>■ N, with the following property. Let G be a triangle-free graph with 
no i-hole such that G is {p,4>)-controlled. Then G is {2,(1)')-controlled. 

4.1 follows immediately from the following. 

4.2 Let (f> : 'N ^ N be non-decreasing, and let p > 2 and t > 4:p{p + 2) be integers. There is a 
non-deereasing function (/>' : N —>■ N, with the following property. Let G be a triangle-free graph with 
no i-hole such that G is {p,(l))-controlled. Then G is {p — l,(j)')- controlled. 

Proof. Let i = 2ap -\- (3, where a > 0 is an integer and 0 < /3 < 2p. Since i > ^p{p + 2), it follows 
that a > 2p + 4. For k G N, dehne p,a+ 2 {i<-) = (j){0) + 1, and for h = a + 2,..., 2 dehne 

Ph-i{i^) = {p + 1)k + + k) + {2p + 2 )k), 

and Po{k) = (j){p,i{K) k). Dehne (P'{k) = We see that (j)' is non-decreasing. 

Let G be a triangle-free graph with no Ghole such that G is {p, 0)-controlled. We will show that 
G \s {p — 1,(^')-controlled. Let k G N, such that X^~^{G) < we must show that x{G) < Po{n). (If 
so, then the same argument applied to every induced subgraph LI of G and every k shows that G is 
{p — 1, (/)')-controlled.) Suppose not. 

Let V G y{G). Let T be a path v = t^-ti- ■ ■ --tp, such that dG{v,tp) = p. For the moment hx 
such a path T. Let us say a path P is a {v,T)-extension if it has the following properties, where P 
has vertices po-pi- • • • -Pn in order: 

• P is induced, and po = tp, and n> p; 

• dG{v,Pi) = p for 0 < i < n; 

• dG{ti,Pj) > p iov < i < p and p < j < n; and 

• dG{pi,Pn) > p for 0 < i < n - p. 

(1) // P as above is a {v, T)-extension, then PUT is an induced path of length p + n. 

Because T is induced since dG{v, tp) = p, and P is induced by hypothesis. Moreover V (P) fl V(T) = 
{tp} since dG{v,ti) < p for 0 < i < p, and dG{v,Pi) = p for 0 < i < n. Suppose that some L is 
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adjacent to some pj, where i < p and j > 0. Since dciv^pj) = p and dciv^ti) = i < p, it follows 
that i = p — 1. Now j / 1 since G is triangle-free, so j > 2. Since dGitp-i,Pk) > p foi p < k < n, 
it follows that j < p. Then the path tp^i-pj-pj^i- ■ ■ ■ -pp has length p — j + l<p, a contradiction 
since dG{tp-i,Pp) > p. This proves (1). 

Let P, P' both be {v, Tj-extensions. We say they are parallel if the last three vertices of P are 
the same as the last three of P', and in particular the last vertices of P, P' are equal. 

(2) Let Pi,..., Pk be {v, T)-extensions, pairwise parallel. Then there exists s G {2p, 2p — 2,2p — 4} 
such that G has holes of lengths |£'(Pi)| + s,..., \E{Pk)\ + s. 

Let z be the common last vertex of Pi,...,Pk, and choose a path Z between v,z of length p. 
Since T U Z is connected, there is an induced path Q between tp, z with V{Q) C V{T U Z). Let us 
first examine the length of Q. Let Z have vertices zq-zi- ■ ■ ■ -Zp, where zq = v and Zp = z. If no vertex 
in {zi ,..., Zp} has a neighbour in {p,..., tp}, then the two sets are disjoint, and Q = TUZ and hence 
has length 2p. We assume then that some Zj G {zi,..., Zp} is adjacent to some G {ti,..., tp}. 
Since dciU, z) > p from the definition of a {v, T)-extension, the path ti-Zj-zj+i- ■ ■ ■ -Zp has length at 
least p, and so j = 1. Since Zj is adjacent to to = v, and G is triangle-free, it follows that i > 2. 
Since dG{v,tp) = p, it follows that f = 2. So there is only one such edge, and in particular the two 
sets {zi,..., Zp}, {ti,..., tp-i,tp} are disjoint, and Q has length 2p — 2. We have proved then that 
Q has length 2p or 2p — 2. 

Now let P be one of Pi,..., Pk, and let P have vertices po-pi- • • • -pn in order. Thus po = tp 
and Pn = Zp = z. Both P, Q are induced, and their interiors are disjoint, since every vertex x of 
the interior of Q belongs to one of V{Z) \ {z}, ViT) \ {tp} and hence satisfies dG{v,x) < p, while 
dG{v, x) = p for every vertex x of the interior of P. Suppose then that some vertex x in the interior of 
Q has a neighbour pj G {pi,... ,pn-i}. From (1) it follows that x ^ V{T), and so a: G {zi,..., Zp-i}. 
Since dG{v,pj) = p, it follows that dG{v,x) = p — 1, and so x = Zp-i. Consequently dG{pj,Pn) < 2, 
and so j > n—p from the final condition in the definition of a {v, Tj-extension. Since dG{pn-p,Pn) > P 

from the same condition, it follows that the path pn-p-Pn-p+i - Pj-Zp-i-Pn has length at least p, 

and so j > n — 2. Now j ^ n — 1 since G is triangle-free, and j ^ nhy its definition, so j = n — 2. 

Consequently there is at most one edge joining the interiors of P, Q, and any such edge is between 
Zp-i and Pn- 2 - Let s = \E{Q)\ if there is no such edge, and \E{Q)\ — 2 if there is such an edge. In 
either case G has a hole of length |P(P)| -|- s. Moreover, since the final three vertices of Pi ,... ,Pk 
are the same, it follows that G has a hole of length |P(Pj)| -|- s for 1 < i < k. This proves (2). 

Since x{G) > Po{n), there exists zq such that and hence x(N^(zo)) > 

^i(k). Let Hq = G and let Tq be the one-vertex subgraph with vertex zq. For 1 < h < a -|- 2, we 
define yh,y'h^ Sh, Zh,Th, Mh, Hh as follows. Assume we have defined Hh-i, T/i-i and Zh-i such that 
x{N^^ ^(z/i_i)) > and T^-i is an induced path of G with at most p + I vertices and with 

one end z^-i. Let be the subgraph induced on the set of all vertices v of that satisfy 

• dHp_i{zh-i,v) = p; and 

• dG{x,v) > p for every vertex x of T^-i. 

Since x(iV^“^(x)) < k for each vertex x of T^-i, and x(A^^^ ^{zh-i)) > if follows that 

x{Mh) > Ph-i{n) - {p+ 1)« = H4>{Ph{n) + k) + {2 p + 2)k). 
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Since G is {p, (/>)-controlled, there is a vertex such that 

xi^M^lyh]) > (piPhin) + k) + (2/3 + 2)k, 

and hence with 

{Vh)) > (l>{Ph{K) + k) + (2/3 + 1)k. 

Let Sh be a path of Hh^i of length p between Zh-i and yh- Let be adjacent to yh in M^- Let 5^ 
be a path of iLh-i of length p between Zh^i and Let be the subgraph induced on the set of 
all vertices v of with the following properties; 

• dMhiVh^v) = P; and 

• dG{x,v) > p for every x G V{Sh) U V{S'f^). 

Since xi^Mhidh))) >'/’(/ah(3v) + k) + (2/3+!)«;, and x(A^^“^(a:)) < k; for each vertex x of y(5ft U 5^), 
and there are at most 2/3 + 1 such vertices x, it follows that x{Hh) > 4’{PhiK') + i^)- Consequently 
there exists z^ G such that x{^h,\^^) ^ Ph{i^) + and hence with x{dX^^{zh)) > 

Let Th be a path of of length p between yh,Zh- This completes the inductive definition of 
yh, y'h, Sh, Zh,Th, Mh, Hhioi I <h <a + 2. 

(3) For 1 < h < a + 2, Shi^Th is an induced path Lh between Zh-i,Zh of length 2p. Also there 
is an indueed path L'^ between Zh-i,Zh with V (L^) C V (5^ U T^) of length 2p — 1 or 2/3 + 1. 

The first claim follows from (1). For the second, the graph formed by the union of 5^, and 
the edge yhv'h is a path, but it might not be induced. If it is induced, it has length 2/3 + 1 as required; 
and since S'^ and are both induced paths, we may assume that some vertex a of S'^ is adjacent 
to some vertex b of T^, where (a, 6) / {y'i^,yh). Since every vertex of has distance at most p — 2 
from Zh-i except the last two, and every vertex of has distance at least p from Zh^i, it follows 
that a is either y'^ or its neighbour in Now dG{y'h,Zh) = P, so has no neighbour in Th except 

for yh (because is not adjacent to the second vertex of Th since G is triangle-free). Thus a is the 
penultimate vertex of 5^. Consequently b ^ yh since G is triangle-free, and since dG{a,Zh) > p, a 
has no neighbour in Th different from the second vertex of Th- We deduce that b is indeed the second 
vertex of Th] and so there is an induced path between Zh-i,Zh of length 2/3 — 1 with vertex set a 
subset of V{S'f^ U Th). This proves (3). 

Let there be q values of /i G {4,... , a + 2} such that has length 2p — 1. For 4 < /i < a + 2, 
choose G {Lh, L'^}] then L'l U L" U • • • U L "_|_2 is an induced path between Z 3 and Za+ 2 , and it 
is a ( 3 / 3 , Taj-extension, for every choice of Moreover, all these ( 3 / 3 , Taj-extensions 

are parallel (since the last p vertices of La+ 2 ,L'^j ^2 are the same). These paths have lengths every 
integer between 2p{a — l) — q and ( 2/3 +1) (a — 1) — (/, that is, every integer between i — /3 — q — 2p and 
i + a — (3 — q — 2p — 1. From (2), G has holes of every length between i — (3 — q and i + a — j3 — q — b. 
Since G has no Lhole, it follows that l + a — j3 — q — b < i, that is, a < j3 + q+A. But by concatenating 
each of the paths L 4 U L 5 U • • • U Lq +2 with L 3 , we obtain a ( 3 / 2 , T 2 )-extension of length exactly 2p 
more; and so there are ( 3 / 2 , T 2 )-extensions of all lengths between i — /3 — q and i + a — fi — q — l. Hence 
by ( 2 ) there are holes in G of all lengths between i — j3 — q + 2p and £ + a — 13 — q + 2p — 5. Since 
(3 + q>a — 4:> 2 / 3 , it follows that £ — (3 — q + 2p < £■ Consequently £ + a — (3 — q + 2p — b<£, since 
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there is no £-hole, that is, a + 2p < /3 + g + 4. Similarly, by concatenating all these (y 2 ) r 2 )-extensions 
with L 2 , we obtain (yi, Ti)-extensions of all lengths between i — (3 — q + 2p and l + a — (3 — q + 2p — 1. 

By (2), there are holes of all lengths between £ — f3 — q + 3:p and £ + « — /3 — g + 4/9 — 5. But 

i — 13 — q + 4:p<i, since (3 + q > a + 2p — A > Ap, and yet 

£ + a — /3 — q + Ap — 5 = i + 2p — 3 +{a — 1 — q) + {2p — 1 — f3) > £ 

since q < a — 1 and £3 < 2p — 1. Consequently there is an £-hole, a contradiction. This proves 4.2 
and hence 4.1. | 


5 Showers 

Now we come to the third and most complicated part of the proof; proving 2.1. This will occupy 
the remainder of the paper. 

What can we prove about hole lengths if x^{G) is bounded for some large hxed p? In 4.1 we were 
able to guarantee the presence of a hole of any desired length (almost), but in these new circumstances 
that becomes impossible; for any fixed /) > 0 and £ > 2, there are graphs with arbitrarily large X) 
and girth more than max(.^, p/2); which implies that XP{G) is at most 2, and yet they have no .^-hole. 
We will show the following, a reformulation of 2.1. 

5.1 Let u >2 and k > 0 be integers, and let G be a triangle-free graph such that x^{G) < k, where 
p = 3’^^“^ + 4. If G admits no hole u-interval then x{G) is bounded. 

The proof will need a number of steps and preliminary lemmas. We begin with some dehnitions. 
A levelling in G is a sequence of pairwise disjoint subsets (Lq, Li, ..., L^) oiV[G] such that 

• l-^ol = 1; 

• for 1 <i <k every vertex in Lj has a neighbour in Lj_i; 

• for 0<i<j</c, ifj>i + l then no vertex in Lj has a neighbour in Lj. 

We call Lk the base of the levelling. The chromatie number of a levelling is the chromatic number of 
its base. We observe first: 

5.2 For any integer r > 0, i/ x{G) > 2 t then G admits a levelling with chromatie number more 
than T. 

Proof. Choose a component G of G with chromatic number equal to that of G, and let z be a vertex 
in that component. For each i > 0, let Lj be the set of vertices v of C such that dc{z,v) = i, and 
choose j such that Lq U • • • U Lj = V(G). If x(-^fc) < t for all k with 0 < k < j, then x(G) < 2r (take 
two disjoint sets of colours both of size r, and use them for the even and odd levels alternately), 
which is impossible; so there exists k such that x(-^fc) > t- Then (Lq, ..., L^) is the desired levelling. 
This proves 5.2. | 
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If (Lq, ... ,ifc) is a levelling in G, we call the unique vertex in Lq the head of the levelling, and 
we call Lq U • • • U Lfc the vertex set of the levelling. A path P of G\y] (where V is the vertex set of 
the levelling) with ends u, v is monotone (with respect to the given levelling) if there exist h, j with 
0 < h,j < k, such that u G Lh,v G Lj, and P has length \j — h\; and therefore P has exactly one 
vertex in Lj for each i between h,j, and has no other vertices. 

There is a notational problem with levellings: that while it seems most natural to number levels 
starting with the head as level zero, most of the action will be at or close to the base L^, and we 
constantly have to refer to the parameter k. To obviate this, let us say a vertex v of the vertex set 
has height /c — i if u G Lj where 0 < i < A:. Thus vertices in L^ have height zero. 

A shower in G is a sequence (Lq, Li, ..., Lfc, s) where Lq, Li, ..., L^ are pairwise disjoint subsets 
of V{G) and s G L^, such that 

• l-^ol = 1; 

• for 1 < i < k every vertex in Lj has a neighbour in Lj_i; 

• for 0<i<j<k,ifj>i + l then no vertex in Lj has a neighbour in Lj; and 

• G[Lk] is connected. 

The differences between a shower and a levelling are that, first, not every vertex in L^. needs to 
have a neighbour in Lk-i (and indeed, there may be no edges between Lfc_i and L^, although such 
showers will not be of interest); second, that G[Lfc] is connected; and third, the distinguished vertex 
s. We call Lq, ... ,Lk the levels of the shower, and s the drain of the shower. We define “head”, 
“base”, “vertex set”, “monotone”, “height” for showers just as for levellings. The set of vertices in 
Lfc with a neighbour in Lk-i is called the floor of the shower. 

If <S = {Lq, ..., Lfc, s) is a shower, with head zq and vertex set V, a recirculator for S is an induced 
path R with ends s, zq such that no internal vertex of R belongs to V and no internal vertex of R 
has any neighbours in F \ {s, zq}. The distance dciPi-, P 2 ) between two nonnull subgraphs Pi,P 2 of 
G is the minimum of dG{vi,V 2 ) over all vi G V{Pi) and V 2 G V{P 2 ). 

5.3 Let T, K > 0 be integers. Let G he a graph such that x^{G) < k. Let {Lq, ... ,Lk) be a levelling 
in G, where x{Lk) > 22r + 2k. Then there is a shower {Vq, ..., Vn, s) in G, with floor of chromatic 
number more than t, and with a recirculator, such that 

• Vn P Lk, and Vn-i C Lfc_i; and 

• hb, . . . , 14-2 4 Lq U • • • U Lfc_2. 

Proof. By replacing L^ by the vertex set of a component of G[Lk] with maximum chromatic 
number, we may assume that G[Lk] is connected. A post is a monotone path with an end in L^. 
Since x(-^fc) > there exist two vertices of L^. with distance more than 8. It follows that there are 
two posts both of length three with distance at least three. Consequently we can choose two posts 
P, Q with the following properties: 

• P, Q have the same length k — h > 3; 

• dG{P, Q) > 3; 
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• subject to these two conditions, h is minimum. 

Let P have vertices pk-Pk-i- ■ ■ ■ -Ph and Q have vertices Qk-Qk-i-''' -Qh, where Pi, Qi € ioi h < i < k. 
Let ph-i,qh-i be parents of Ph^Qh respectively. From the minimality of h, either 

• ph-i,qh-i are adjacent, or 

• some vertex is adjacent to Ph-i and to at least one of qh-i, qn-, qh+i-, or 

• some vertex is adjacent to qn-i and to at least one of ph-i,Ph,Ph+i- 

In each case there is a connected induced subgraph M with V{M) C Lq U • • • U U {ph+i,qh+i}, 
with at most seven vertices, and with Ph+i,PhiPh-i,qh+i,qh,qh-i € y{M)] and if there is a vertex 
in V{M) \ V{P U Q), then it belongs to Lh -2 U Lh-i U L^, and has a neighbour in {ph+i,Ph,Ph-i} 
and one in {qh+i,qh,qh-i}- 

Let X be the set of vertices x G L^-i such that there is a path R from x to Ph+i satisfying; 

• R has length at most A: — /i + 8; 

• every internal vertex of R belongs to Lq U • • • U Lk- 2 ] and 

• no vertex of R \ ph+i equals or is adjacent to any vertex in {ph+ 2 i ■ ■ ■ iPk}- 
Define Y C L^-i similarly with P, Q exchanged. 

(1) Every vertex v G with dG{v,Pk),dG{v,qk) > 7 has a neighbour in XUY. 

Let V G Lk with dGiv,pk),dG{v,qk) > 7, and let ro-ri-• • •= u be a path between ro G Lq 
and V = rk- We claim that rk-i G X UY. From the minimality of h, one of r^-i, ■ ■ ■ ,rk has distance 
at most two from one of Ph-i, ■ ■ ■ ,Pk- Choose j maximum such that rj has distance at most two from 
some vertex u say of PLiQUM. Thus j > h—1. If j = k, then u {M)\V (PUQ) because k — h > 3, 
and so u is one of Pk,Pk-i,Pk- 2 ,qk,qk-i,qk- 2 ; which is impossible since dG{v,Pk),dG{v,qk) > 7. 
Thus j < k. From the maximality of j, it follows that dG{rj,u) = 2, and none of rj,...,rk 
equals or is adjacent to any vertex in P L) Q D M. From the symmetry we may assume that 
u G V{Q) U (y{M) \V{P D Q)). Let w he a vertex adjacent to both u,rj. If u G Lk U Lk-i 
then k — j <3, and so dG{v., qk) < 6, a contradiction; and if u ^ U Lk-i and w G Lk^d Lfc-i then 
u = qk -2 and k — j <2, and again dG{v^ qk) < 6, a contradiction. So m, re ^ U Lk-i- Now there 
is a path of M U Q between u and ph-i- If w ^ ^iQ) then this path has length at most three, and 
its union with the path rk-i-rk-2- • • • -rj-w-u is of length at most k — 1—j + f><k — h + b, since 
j > h — 1, and so rk-i € X as required. If m G V{Q), then u is one of qj- 2 ,qj-i,qj,qj+i,qj+ 2 , and 
so some path of M U Q between u and Ph-i has length at most (j + 2) — {h + 1) + 6, and its union 
with the path rk-i-rk-2- • • • -rj-w-u has length at most 

(j + 2) — (/i + 1) + 6 + (A; — 1 — j) + 2 = A; — /i + 8, 

and again rk-i G X. This proves (1). 

Now the set of vertices v G Lk such that dG{v,pk) < 6 or dG{v,qk) < 6 has chromatic number 
at most 2/t; and since xi^k) > 22r + 2k, there exists a subset Zq C Lk with xi^o) > 22r such that 
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dG{'>^iPk),dG{v, Qk) > 7 for each v G Zq. Every vertex in Zq has a neighbour in X U E, by (1); so we 
may assume that there exists Zi C Zq with xi^i) > Ht") such that every vertex in Zi is adjacent 
to a vertex in X. For each vertex x £ X, there is a path R as in the definition of X; let be a 
shortest such path. Then R^ has length at most k — h + S, and at least {k — 1) — {h + 1); so there 
are eleven possibilities for its length, the numbers between k — h — 2 and k — h + 8. For each c with 
k — h — 2 < c < k — h + 8, let Xc he the set of vertices x £ X such that Rx has length c. Then 
there exist c and Z 2 C Zi with x(^ 2 ) > x(-2^i)/ll >'t, such that every vertex in Z 2 has a neighbour 
in Xc- Moreover we may choose Z 2 such that G[Z 2 ] is connected. Let V be the union of the vertex 
sets of all the paths Rx {x £ Xc). Note that V C Lq u • • • U Lk-i- For 0 < f < c, let Vi be the set of 
vertices u £ V such that the shortest path of G\y] between u,ph+i has length i. Then (Vq, • • •, 14) 
is a levelling. Moreover, I 4 = Xc, and so no vertex in Lk has a neighbour in Vq, ..., 14_i. Define 
Vc+i = Z 2 ', then also (Fq) • • •) 14+i) is a levelling. 

Now no neighbour of Pk-i belongs to Zq, and hence there are no edges between {ph+2, ■ ■ ■ ,Pk-i} 
and Fi U • • • U Fc+i- Since G[Lk] is connected and pk-i has a neighbour in Lk, there is a path G[Lk] 
between a vertex adjacent to Pk-i and a vertex with a neighbour in Z 2 = 14+i. Choose a minimal 
such path, D, and let s be its end adjacent to pk-i- Then (Fq, ■ ■ ■ ,Vc, Vc+i U V{D), s) is a shower, 
since GIZ2] is connected and hence so is G[F;+i U V{D)\, and its floor includes Z2 and hence has 
chromatic number more than r; and ph+i-Ph+2 - Pk-i-s is a recirculator for it. This proves 5.3. | 


Let 5 be a shower with head zq drain s and vertex set F. An induced path of G[F] between zq, s 
is called a jet of S. The set of all lengths of jets of S is called the jetset of <S. If M is a subset of the 
jetset of S, then for each a £ A there is a jet Ja with length a, and we say the set of jets {Ja ■ a £ A} 
realizes A. For 12 >2, we say a shower <S is v-complete if there are v consecutive integers in its jetset, 
and 12 -incomplete otherwise. (Later we shall give a meaning to “1-complete”, but at this stage it is 
not needed.) We deduce: 

5.4 Let T,K > 0 and u >2 be integers. Let G be a graph such that 

• X^{G) < k; 

• x{G) > 44r + 4 k; and 

• G admits no hole v-interval. 

Then there is a v-incomplete shower in G with floor of chromatic number more than r. 

Proof. By 5.2 there is a levelling (Lq, ... , Lk) with chromatic number more than 22r + 2 k. By 5.3, 
there is a shower S, with a recirculator, and with floor of chromatic number more than r. Since the 
union of the recirculator with any jet is a hole, and G admits no hole K-interval, it follows that S is 
not z/-complete. This proves 5.4. | 

Thus, in order to prove 5.1, it suffices to show that if v, k, G are as in the hypothesis of 5.1 then 
the floor of every K-incomplete shower in G has bounded chromatic number, and this is what we 
shall do. 
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6 Stabilizing a shower 


A levelling (Lq, ..., Lk) or shower (Lq, ..., Lk, s) is stable if Lq, ..., Afc-i are stable; and for A > 0 
an integer, it is X-stable if k > X and is stable for /c — A < i < A: — 1. We would like to prove 
that there exists a stable shower (still with base of large X) but not as large as before), by converting 
the shower given by 5.4. This will take several steps. First we show how to convert a i/-incomplete 
shower into a jv-incomplete A-stable shower (for any fixed A). 

6.1 Let r, A > 0 and v > 2 be integers, and let ^ = {X + l)(i^ — 1) + 1. Let G be a triangle-free 
graph, and let S be a v-incomplete shower in G, with floor of chromatic number more than , 

and with levels Lq, ... ,Lk, where k > fi. Then there is a X-stable u-incomplete shower with floor of 
chromatic number more than t, and with levels Lg,... ,L'f^, such that 0<k — h<fi — X — 1 and 
L'i T Li for 0 < i < h. 

Proof. We may assume that for 0 < i < k, every vertex in Li has a neighbour in Lj+i; for a vertex in 
Li without this property could be deleted. Let zq G Lq. For 1 < j < let hj = k — l — {X + l){u — j)] 
and for 1 < j < let Ij = {i : hj < i < hj+i}. (Thus the sets Ij have cardinality A, and there is an 
integer hj between Ij_i and Ij that belongs to neither, that we use as insulation). For 1 < j < 
let Tj be the set of vertices v £ Lh. such that there are j induced paths between v and zq, each with 
interior in Li U • • • U Lhj-i, of lengths hj, hj 1,..., hj + j — 1. 

( 1 ) T, = 0 . 

Because suppose that v £ T,^. Then there are n induced paths between v and zq, each with in¬ 
terior in Li U • • • U Lk- 2 , of lengths k — l,k,... ,k -\- v — 2, say i?i,..., Ry. Let s be the drain of S; 
and choose a minimal path Q between s,v with interior in Then for 1 < i < i^, the union of Q 
and Ri is a jet, contradicting that the shower is i/-incomplete. This proves (1). 

If X C Lq U • • • U Lfc, we denote by 9{X) the chromatic number of the set of all descendants in 
Lk of members of X. Since Ti = Lh^ it follows that 

e{Ti) > ^k+i-hi -h • • • 

and so there exists j G { 1 ,..., i^} maximum such that 

0(Tj) > -g ^k-\-l-hj+2 ^k+l-hy. 

and j < n hy (1). From the maximality of j it follows that 0{Tj) — 6{Tj^i) > 7 -^+ 1 -^j+i. Let Sj+i 
be the set of vertices in \ ^i+i that have ancestors in Tj. For hj < i < hj+i let Mi be the set 

of vertices in Li with an ancestor in Tj and a descendant in Sj+i. 

( 2 ) Mi is stable for hj < i < hj+i. 

For suppose that x,y £ Mi are adjacent. Since G is triangle-free, x, y have no common parents and 
no common children. Let x',y' £ Tj be ancestors of x,y respectively (possibly equal). Let 2 : G Sj+i 
be a descendant of x. Now there are induced paths from y' to zq with interior in Li U • • • U Lhj-i, 
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of lengths hj,hj + 1,... ,hj + j — 1. For each of these paths, its union with a path of length i — hj 
between y and y', a path of length hj+i — i between z and x, and the edge xy, makes an induced 
path between z, zq, of lengths /ij+i + 1,..., hj^i +j. But also there is an induced path between z, zq 
of length hj+i, since z G and so z G Tj^i, a contradiction. This proves (2). 

Now every vertex in with an ancestor in Tj has an ancestor in S'j+i U Tj+i. Since 0(Tj) — 
0{Tj^i) > it follows that 9{Sj+i) > By setting h = hj+i and = 'S'j+i, we 

have shown that; 

(3) There exist h with t)<k — h<y — \ — 1, and subsets Mi C L* for h — X < i < h, with 
the following properties: 

• e{Mh) > 

• Mi is stable for h — X < i < h; and 

• every vertex in Mj+i has a neighbour in Mi for h — X < i < h. 

Choose such a value of h, maximal. Suppose first that x(M/j) < r. Since 

e{M„) > >T> x{Mh) 

it follows that h ^ k. Take a partition of Mh into r stable sets; then for one of these sets, say M^, 
> 6{Mfi)/T > T^~^. Let Mh+i be the set of vertices in Lh+i with a neighbour in Mh] then 
9{Mh+i) = > T^~^, contrary to the maximality of h. This proves that xi^h) > t. 

Let Z = L/j U • • • U Lfc; then G[Z] is connected since G[Lh\ is connected and for 0 < i < /c, every 
vertex in Lj has a neighbour in Lj+i. Consequently 

(To,..., Lh-x-i,Mh -\,..., Mh-i, Z, s) 

is a shower S' say. Its floor includes Mh and so has chromatic number more than r. Moreover, every 
jet for S' is also a jet for S] and so S' is i/-incomplete. This proves 6.1. | 


7 U-bends 

For > 2, a shower (Lq, ..., L^, s) is a v-sprinkler if 

• G[Lh\ is a path with one end s and with at least u vertices; let its vertices be vi- ■ ■ ■ -Vn in 
order, where ui = s and n> v] 

• for i = 1,..., n — I/, no vertex in Lk-i is adjacent to vp, and 

• for i = n — + 1,..., n, some vertex in Lk-i is adjacent to Vi and to no other vertex in L^. 

Every i/-sprinkler is therefore j^-complete. We call {vi : n — u + 1 < i < n} its floor. 

We need another object, a “u-bend”, which is not exactly a shower; and also something which 
is partway to a u-bend, which we call a “w-bend”. We start with the latter. Let (Lq, ... ,Lk) be a 
levelling in G with vertex set V, and let U be an induced path of G. Suppose that 


20 



• G[Lk] is an induced path; 

• Vr\V{U) = 0; 

• U has ends w, s, and there is at least one vertex in Lk_i adjacent to w and to a vertex in L^.; 
and 

• there are no edges between V{U) and L^, and no vertex in Lfc_i has a neighbour in and a 
neighbour in V{U) \ {rc}. 

In this case, we call (Lq, ..., Lk,U) a w-bend, and call s its drain] and any induced path of G\y UF(?7)] 
between the vertex in Lq and the drain is called a jet of the w-bend. We call its floor. (Since 
(Lq, ..., Lfc) is a levelling, every vertex in has a neighbour in Lfc-iO Let G[Li~] have ends vi,V 2 ] 
then dc{vi,V 2 ) is called the size of the w-bend. If in addition: 

• w has a unique neighbour in Lfc_i, say v] 

• V has a unique neighbour in and this neighbour is an end of the path G[Lfc]; and 

• every vertex in L^-i has a neighbour in L^; 

then we call (Lq, ..., Lfc, U) a u-bend. We need a containment relation for these objects: 

• Let S = {Lq, ..., Lfc, s) and S' = (Lq, ..., L(,, s') be showers. We say that S' is contained in S 
if they have the same drain, and L( C Lj for 0 < i < /c. 

• Let S = {Lq, ..., Lfc, s) be a shower, and let S' = (Lg,..., L'^, U) be a w-bend. We say that S' 
is contained in S if they have the same drain, and L' C Lj for 0 < i < k, and V{U) C L^. 

• Let <S = (Lq, ..., Lfc, W) be a w-bend, and let S' = (Lq, ..., L'^, U) be a u-bend. We say that S' 
is contained in S if they have the same drain, and L( C Lj for 0 < i < k, and V{U) C L^LiViW). 

In all three cases, every jet of S' is a jet of S. 

We need to show that certain showers contain u-bends, and it is easier to show that they contain 
w-bends. Let us see first that that is enough, because a w-bend contains a u-bend (and containment 
is clearly transitive). 

7.1 Let {Lq, ..., Lfc, W) be a w-bend in a triangle-free graph G, with size at least 2p -|- 4. Then it 
contains a u-bend with size at least p. 

Proof. Let W have ends w, s where s is the drain. Let G[Lk] have vertices vq - Vn say, in order. 

Since dG{vQ,Vn) >2p-\-A, we may assume by exchanging VQ,Vn if necessary that dG{w, uq) > p + 2 . 
Let Y be the set of vertices in L^-i adjacent to w and to a vertex in L^. By hypothesis, L" 7 ^ 0. 
Choose i < n minimum such that Vi has a neighbour in Y, say v. Since dG{w,VQ) > p 2, and 
dG{w, Vi) = 2, it follows that dG{vi,vo) > p. Let L(,_^ consist of all vertices in L^-i with a neighbour 
in {uo,..., Vi-i], together with v. Then v is the unique neighbour of w in L'f,_^] and so 

(Lq, . . . , Lk-2,L'i._i,{vQ, . . . ,Vi}, W) 

is a u-bend contained in (Lq, ..., L^, IT), and its size is at least p. This proves 7.1. | 
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7.2 Let ly >2 be an integer, and let jj, >1. Let S be a shower in a triangle-free graph G. Let P be 
an indueed path of G with V{P) a subset of the floor of S, with ends wi,W 2 such that dc{wii,W 2 ) > 
Then S contains either: 

• a v-sprinkler with floor a subset ofV{P), or 

• a u-bend with size at least jj, and with floor a subset ofV{P). 

Proof. Let S = {Lq, ..., Lk, s), and let L\_^ be the set of vertices in with a neighbour in 

V{P). If s G V{P), let rt = s and let D be the one-vertex path with vertex s. If s ^ V{P), then since 
G[-Lfc] is connected, there is an induced path D of G[Lfc] between s and a vertex with a neighbour 
in V{P)] choose a minimal such path D, with ends s,u say. From the minimality oi D, no vertex in 
D \ {ii} has a neighbour in V(P). 

Suppose that some vertex of D \ {u} has a neighbour in and choose such a vertex, w say, 

such that the subpath D' of D between w, s is minimal. Then 

{Lo,...,Lk-2,Li_„V{P),D') 

is a w-bend contained in S, of size at least 2(/i + 2) (since v >2), and the result follows from 7.1. 
We may therefore assume that there are no edges between D \ {rt} and L\_^. 

Let Y be the set of vertices in L\_^ that are adjacent to u. Now no vertex of D except possibly 
u has a neighbour in L^_^; and u has at least one neighbour in V{P) U Y. Let G[Lk] have vertices 
vq-- ■ --Vn in order. By hypothesis, dG{vo,Vn) > 2{pL -\- v), so by exchanging vo,Vn if necessary, we 
may assume that dciu, uq) > ia-\- n. Choose i minimum such that Vi has a neighbour in T U {«}. 

Suppose first that Vi has a neighbour in Y. Choose such a neighbour v say, and let L‘j,_^ be the 
set of vertices in Lk-i with a neighbour in {uq, ..., fi-i}, together with v. Now Vi is not adjacent to 
u (since G is triangle-free); and dcivo^Vi) > dG{vo,u) — 2 > fi; so 

(Lq, ..., Lk_2, LI_^, {uo, ..., Vi], D) 

is a u-bend contained in S with size at least //, as required. 

We may assume then that Vi has no neighbour in Y, and therefore Vi is adjacent to u. In 
summary, no vertex in Lfc-i has a neighbour in V(D) and a neighbour in {uq, ..., Uj}; and there are 
no edges between V(D) and {uq, ..., Vi} except the edge uvi. Since dG{vo, u) > fj,iz, it follows that 
i > fj. u — 1, and so i — iz + 1 > fr. 

Suppose next that there exists a vertex in L^-i adjacent to at least two of Vi-^+i, ■ ■ ■ ,Vi. Choose 
j with i — z^-|-3<j<z maximum such that some vertex in Lk-i is adjacent to Vj and to one 
of uo,... ,Vj- 2 ', choose h with 0 < h < j — 2 minimum such that some vertex in is adjacent 

to Vh,Vj; and choose v G L^-i adjacent to Vh,Vj. Let be the set of vertices in L^-i with a 

neighbour in {uq, ... ,Vh-i}, together with v. Then since there is a path between u,Vh (via v) of 
length j — i + SYn, it follows that dG{u, Vh) < v, and so 

dG{vh,VQ) > dG{u,vo) - v> PL. 

Let D 2 be the path formed by the union of D and the path u-Vi- ■ ■ ■ -vj. Then 

(To,..., Lk-2, LI_i, {uo, ..., Vh}, D 2 ) 
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is a u-bend contained in S, of size at least jj,, as required. 

We may therefore assume that no vertex in L^-i is adjacent to more than one of ... ,Vi. 

Let Lj._^ be the set of vertices in L^-i with a neighbour in , u*}. Every vertex in 

{uj-jy+i,..., Vi} has a neighbour in and u has no neighbour in so 

(Lo,...,Lfc_2,Lti,n^) U ,..., Uj}, s) 

is a jv-sprinkler contained in S. This proves 7.2. | 


8 Jets of a shower 

Let Lq, ..., Lfe be the levels of a shower or w-bend, and let J be a jet. Then at least one vertex of J 
belongs to Lfc_i; and we define the tail of J to be the minimal subpath of J between Lk_i and the 
drain. For A > 0, we say that J is X-monotone if X < k, and J contains exactly one vertex of Li for 
0 < i < k — X. In every jet J, at least k — 1 edges do not belong to its tail and have an end not in 
Lfc. We say the waste of J is fi if there are k — 1 + n edges of J that do not belong to its tail and 
have an end not in and J is ^-wasteful if its waste is at most Thus the waste is nonnegative. 

A set of integers A is dense if for all oi, 02 € A with oi < 02 , there does not exist b with ai < 6 < 02 
such that b,b -X f ^ A; that is, there are no two consecutive numbers both missing from A between 
the first and last members of A. If A, B are sets of integers, we define A + B = {a + b : a ^ A, b ^ B}. 
Thus if A is dense, then for any integer t, A + {t,t + 1} is a set of consecutive integers of cardinality 
at least |^| + 1. 

Any subset of the floor of a shower is called a mat] and for a w-bend, we define its floor to be its 
only mat. The size of a mat M is the maximum of dG{wi,W 2 ) over all pairs wi,W 2 of vertices in the 
same component of G[M]. If M is a mat for a shower or w-bend <S, a jet J is an M-jet if there is no 
edge of J with an end in \ M and an end in L^-i- We define the M-jetset as the set of all lengths 
of M-jets. A w-bend (Lq, ..., L^, U) is X-stable if /c > A and Lj is stable for A: — A < i < /c — 1. In 
this section we prove the following. 

8.1 Let v >2 be an integer, and let G be a triangle-free graph. If S is a u-stable shower or w-bend 
in G, and M is a mat for S of size at least , then there is a set A of integers, realized by a set 
of {u -f- l)-monotone, -wasteful M-jets, such that \A\ < v -\- 1, and A includes a dense subset of 
cardinality v, and there are two members of A that differ by 1 or 3. 

Proof. We proceed by induction on v. Thus we assume that either v = 2 ox the result holds for 
V — 1. We claim we may assume: 

(I) There is a u-bend 5i = {Lq, ..., Lk,U) contained in S, and with L^ C M, of size at least 

3^^+2/2 _ i,. 

Assume first that 5 is a z^-stable shower in G, and M is a mat of size at least 3*^^^. Let P be 
an induced path of G[M] with ends wi,W 2 , where dG{wi,W 2 ) > . If S contains a z/-sprinkler 

with floor a subset of V{P), then the theorem holds, so we assume not. By 7.2 with p, = 3'^^^/2 — v, 
it follows that S contains a u-bend as in the claim. Next we assume that 5 is a w-bend, of size at 
least then the claim follows from 7.1. This proves (1). 
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Let <Si = {Lq, ..., Lk,U) as in (1). Let U have ends u,s where s is the drain. Let qq be the 
unique neighbour of u in Lfc_i; and let D be the path formed by adding the edge uqq to U. There is 
an induced path q^-qi — • -qn such that {qi ,..., qn\ = and every vertex in Lfc_i has a neighbour 

in Lk. Also, dG{qi,qn) > — u, and so dG{qo,qn) > — v — 1. We may assume that 

for 0 < i < k — 1 every vertex in Lj has a neighbour in Lj+i (because any other vertex could be 
removed). Let V = Lq U • • • U L^. 

We recall that for v € V, its height h{v) = k — i where v £ Li] and we define the reach of v to be 
the maximum i > 1 such that qi is a descendant of v. (Since every vertex in V has a descendant in 
V{Q) \ {go}) this is well-defined.) Next we show that we may assume that: 

(2) For 1 < m < n there do not exist induced paths of G\y] between go ond qm with the 

following properties: 

• |Ll(i?i)| -|- 1 = \E{R 2 )\ < 2n + 2; and 

• for all j with m < j < n, qj has no neighbour in V (i?i U R 2 ) \ {qm}- 

For suppose that such exist. Since i?i,i ?2 both have length at most 2^ + 2 and have 

ends in Lk and Lk-i, it follows that every vertex of Ri U R 2 has height at most v + 1. Indeed, if 
y G F {R 1 UR 2 ) then there is a subpath of one of Ri,R 2 between y and qm, which must have length at 
least h{y), and since Ri,R 2 both have length at most 2i' + 2, it follows that dG{y,qo) < 2i' + 2 — h{y). 
Consequently, if x € F has a neighbour (say y) in Ri U R 2 then 

dG{x, go) < dG{y, go) + 1 < 2z/ - h{y) + 3<2i/- h{x) + 4. 

It follows that for every descendant in Lk of such a vertex x, its distance from go is at most dG{x,qo) + 
h{x) <2u + A. Since 

dciqo, qn) > 3"+V2 - v - I > 2v + A, 

there exists m' < n such that dG{qo,qm') = ^n + A, and dG{qo,qj) > 2u + A for all j with m' < j < n. 
Since g^+i has a neighbour in i?i, it follows that dG{qm+i, go) < 2^ + A, and so m' > m + 1. For 
0 < i < /c let L' be the set of all vertices in Li with a descendant in {qj : m' < j < n}. \i follows 
that 

(Lq, ..., {qj : m<j<n}, qm) 

is a shower S' say. It is z/-stable, since L' C Lj for 0 < i < A:. (It is not contained in S since the 
drain is different.) Let its vertex set be V'. If x G I/' \ {gm}, and v G Lk, then v has no neighbour 
in V{Ri U R 2 ) \ {qm} from the properties of i?i,i? 2 ; and if x ^ Lk, then x has a descendant in 
{qj : m' < j < n}, which therefore has distance in G more than -|- 4 from go, and again x has no 
neighbour in Ri U i? 2 - Thus there are no edges between V' \ {qm} and V (i?i U R 2 ) except the edge 

QmQm+1 • 

Now 

dG{qn, qm'+i) > dG{qn, go) - (2i^ + 5) > 3"+V2 - u - 1 - {2iy + 5) > 3"+^ 

If > 2, then from the inductive hypothesis on u, applied to S' and the mat M' = {g^'+i, • • •, qn}, 
we deduce that there is a dense subset A of the M'-jetset of S' of cardinality n — 1, realized by a 
set of M'-jets of S' that are z/-monotone and — I)^-wasteful. If z/ = 2, let ^ be a singleton set 
containing the length of a 0-monotone, 0-wasteful M'-jet of S'. In either case, let J be an M'-jet in 
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this set. Its tail has exactly one edge not in the path qm-Qm+i-''' -Qm’-, and so at most 2>{v — 1)^ + 1 
edges of J have an end not in L^- Moreover, both J U RiU D and J U i ?2 U are jets of 5i, and 
they are both [u + l)-monotone (since every vertex of Ri U R 2 has height at most u + 1). Since 
have length at most 2u + 2, it follows that these two jets both have waste at most at most 
3 ( 1 / — 1)^ + 1 + 2i/ + 2 < 3i/^. Let |i?(i?i)| + \E{D)\ = t; then \E{R 2 )\ + \E{D)\ = t + 1, so for each 
a £ A, both a + t,a + t + l belong to the jetset of 5i, and so ^ + {t, t + 1} is a subset of the jetset of 
5i, and hence of the M-jetset of S, and this is a set of at least u consecutive integers. And this set 
is realized by M-jets of S that are {u + l)-monotone and have waste at most Thus in this case 
the theorem holds. Consequently we may assume that no such m, i?i,i ?2 exist. This proves ( 2 ). 

For each vertex v £V with reach r < n, let f{v) G C be defined as follows. There is a monotone 
path between v and qr] let X be the set of all vertices x such that x is adjacent to a vertex in a 
monotone path between v and qr- Consequently qr+i £ X, and so there exists x £ X with reach 

greater than r. Choose such a vertex x with maximum reach, and define f{v) = x. If u has reach n 

let f{v) = V. 

Let vi = qo, and for 1 < i < 1 / — 1 let Uj+i = f{vi). We need to establish several properties of 
this sequence. Let t < u he maximum such that vt 7 ^ vt-i- Thus either t = u or vt has reach n. 
For 1 < i < t, r* be the reach of u*; then ri = 1, and r* < rj+i for 1 < i < t. For 1 < i < t let 
Pi be a monotone path between Vi and qr^ such that if i < t then Uj+i has a neighbour in Pi. The 
paths Pi,... ,Pt are pairwise vertex-disjoint, because the reach of every vertex in Pi is precisely r*, 
and ri,... ,rt are all different. For 1 < i < t let Bi he an induced path of G[V(Pi) U {uj+i}] between 
Vi and Vi+i- Thus for 1 < i < t, i?i U 52 U • • • U i?j_i U Pj is a path, say Ci, between vi and qr^■ 
In particular, Bi has length at least one, so there is a unique vertex yi of Bi adjacent to Uj+i. For 
1 < i < t, let Cj = 1 if Vi+i,yi £ Lk, and 2 otherwise. 

(3) t = v; for 1 < i < u, Bi has length h{vi) — h{vi+i) -|- e^; for 1 < i < i', Ci has length 

l<j<i 


and for 1 < i < v, Ci is an induced path. 

Let 1 < i < L Since h{yi) < h{vi), and < h{yi) -|- 1, it follows that /i(ui+i) < h{vi) -|- 1; and 

since h{vi) = 1, it follows inductively that h{vi) < i tor 1 < i < t. Consequently for 1 < i < t, ?/i has 
height at most n — 1] and since the levelling is i^-stable, it follows that do not have the same 

height unless they both have height zero. Moreover, Uj+i is not a child of yi, since the reach of Uj+i 
is greater than the reach of yy, so we have proved that either Uj+i is a parent of yi, or both 

have height zero. It follows that the length of Bi equals h{vi) — /i(ui+i) -|- Cj, for all i <t. 

For t <i <t, the path Pi U P 2 U • • • U Pj-i therefore has length 

1 - h{vi) + ^ Cj, 
l<j<i 


and since Pi has length h{vi), it follows that Ci has length 1 -|- ^j- Since this quantity is less 

than 2u, and dciu, qn) > > 2v, it follows that Vi < n. In particular, rt < n, and so t = u. 
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We claim that for 1 < i < the path Ci is induced; and prove this by induction on i. Certainly 
Cl is induced, so we may assume inductively that i < v and Q is induced, and we prove that Cj+i 
is induced. Now Cj+i is obtained from a subpath of Q by adding the edge t/iVi^i and the path Pj+i; 
so it suffices to check that there are no edges between Bi U i ?2 U • • • U and Pj+i except the edge 
Suppose then that y G V{Bj) for some j < i, and x G and xy is an edge. Since the 

reach of x equals r^+i, it follows that x has no neighbour in any of Pi,..., Pj-i, and so y G V (Pi). 
Since also y G V{Bj) for some j < i, it follows that y G V{Bi n Pi). Since P* is induced and we 
may assume that {x,y) ^ (ui+i,yi), it follows that x ^ Ui+i, and so h{vi+i) > 0 and h{x) < h{viJ^i). 
Since h{vi+i) > 0, also Ui+i is a parent of yi, and so h{x) < h{yi). But h{y) > h{yi), and since the 
levelling is z/-stable and xy is an edge, it follows that y is a parent of x. But this is impossible since 
the reach of x is greater than the reach of y. This proves that each Ci is induced, and so completes 
the proof of (3). 

For 1 < j < n, let Aj be a monotone path between qj and the shower head zq. Thus Aj has length 
k. For 1 < i < iz, the reach of every vertex in vlri+i is at least rj + l, and so is greater than the reach of 
every vertex in Ci] and so there is a path Jj formed by the union of D, Ci, the edge qr^qr^+l, and Ar^+i. 

(4) For 1 <i < V the path Ji is induced. 

Suppose that some Jt is not induced, where 1 < t < u. Consequently some vertex x of A^^+i is 
adjacent to some vertex y of Ct, and (x, y) ^ {qr^, qrt+i)- Choose such a pair x, y with x of minimum 
height. Since y has height at most iz, it follows that h{x) ^ h{y)] and x is not a child of y since the 
reach of x is greater than the reach of y. Thus x is a parent of y. Let y GV (Pj) where j < t. Since x 
has a neighbour in Pj, it follows that the reach of x is at most r^+i; and so r* < r^+i. Consequently 
t < j + 1, and since j < t it follows that it follows that j = t, and so y G V{Pt). Let a be the 
vertex of ^rt+i of height 1. Now there are two cases. First suppose that a is nonadjacent to qj for 
rt + 2 < j < n. Let h = rt + 1, and let Pi be the path formed by the union of Ct and the edge 
qr^qrt+i, and let P 2 be the path formed by the union of the subpath of Ct between u, y, the edge xy, 
and the subpath of between x,qrt+i- Note that Pi is induced by (2), and P 2 is induced since 

we chose xy with x of minimum height. Also Pi has length at most 2u, and P 2 has length one more. 
This is therefore impossible by (2). Consequently there exists j > rt + I adjacent to a; choose such 
a value of j, maximum, and let p = j. Let P 2 be the path formed by the union of Ct and the path 
qrt-qrt+i-a-Qj, and let Pi be the path formed by the union of the subpath of Ct between u,y, the 
edge xy, the subpath of Aj-^+i between x,a, and the edge aqj. In this case P 2 has length at most 
2v + 2, and Pi has length one less. Since j > + 3 (because C is triangle-free) it follows that both 

paths are induced, and again this contradicts (2). Thus there is no such t. This proves (4). 

Since each Ji is induced, it is therefore a jet for the u-bend 5i (and hence an M-jet for <S), of 
length k + 2 + + \ V{D)\, and with tail the path D] and since Ji \ V{D) has length at most 

k + 2iy, and all vertices of Bi have height at most iz, it follows that Ji is z/-monotone and 2z^-wasteful 
(and hence 3z^^-wasteful). The shortest of these jets is Ji, and it has length k + 1 + |C(P)|. Let Aq 
be a monotone path between vi and zq] then also there is an M-jet formed by the union of D, the 
edge uvi, and Aq, of length k — 2 + \ V{D)\ (so, three less than the length of Ji). Consequently these 
M-jets realize a subset of the M-jetset satisfying the theorem. This proves 8.1. | 
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The previous result will have several applications later in the paper. First, let us use it to convert 
a A-stable shower into a stable shower. 

8.2 Let K,T > 0 and v >2 be integers, and let p = Let G be a triangle-free graph sueh that 

G has no hole v-interval, and x^{G) < k. If G admits a v-ineomplete {v + 2)-stable shower with 
floor of ehromatic number more than k + r, then G admits a v-ineomplete stable shower with floor 
of chromatie number more than r. 

Proof. Let <S be a z^-incomplete (i^ + 2)-stable shower (Lq, ..., L^, s) in G. Thus k > u 2. Let 
j = k — n — 2] then Li is stable for j < i < k. Let Lq = {zq}. Let X be the set of all vertices v G Lj 
such that there is an induced path Py of G between v, zq with length j + 1, such that every vertex in 
Py different from v belongs to one of Lq, ..., Lj-i. Let Y = Lj\ X. Let X' be the set of vertices in 
Lfc with an ancestor in X, and Y' the set of vertices in with an ancestor in Y. Thus X'\JY' = L^.. 

Suppose that x{G{X']) > k. For j < i < k — 1, let L[ be the set of vertices in Lj with an ancestor 
in X. Then 

(Lq , • • • , Lj — li Ikj ) • • • ) Lf._^, Ljj, s) 

is a i^-stable shower <Si say, and its floor includes X'. This is contained in S, so <Si is z/-incomplete. 
Since x(C') > k, there exist wi,W 2 G X', in the same component of G\X'], with dG{wi,W 2 ) > p> 
3 !/+ 2 _ gy g 2 there is a dense subset A of the jetset of 5i of cardinality v, and a set {Ja '■ a G .4} 
of {v + l)-monotone jets for <Si realizing A. Thus for each a ^ A, J a contains exactly one vertex of 
L' for 0 Y ^ Y j. In particular, contains exactly one vertex in Lj — X, say x. The subpath of 
Ja between x, zq has length j, and so the subpath Ry say of Ja between x, s has length \E{Ja)\ — j- 
By definition of X, the path Px exists and has length j + 1; and since both Ra, Px have exactly one 
vertex in Lj, their union Ry U Px is an induced path between s, zq of length exactly one more than 
the length of Ja- Now both Ja and Ra U Px are jets of <Si and hence of S. Thus A + {0,1} is a 
subset of the jetset of S. But this set consist of at least u + 1 consecutive integers, since A is dense 
of cardinality u; and this is impossible since S is not z^-complete. This proves that x{G[X']) < k. 

Consequently x{G\Y'\) > r. For 0 < i < j, let L' be the set of vertices in Lj with a descendant 
in Y, and for j + 1 < i < k, let L' be the set of vertices in Lj with an ancestor in Y. Then 
(Lq, ..., L'^_^,Lk, s) is a shower S' say, with floor of chromatic number more than r since its floor 
includes Y'. This is contained in S, so S' is z/-incomplete. We claim that S' is stable. For certainly 
Lj,... ,Lfc_i are stable, since 5 is (zv + 2)-stable. Suppose that 0 < i < j — 1 and y,g' G L' are 
adjacent. Since y has a descendant in Y, there is a path between y and Y of length j — v, and 
since y' G Lj, there is a path between y', zq of length i. Since G is triangle-free, yy' is the only edge 
between these two paths; and so their union, together with this edge, is an induced path between 
y,ZQ of length j -|- 1, contradicting that y ^ X. This proves that S' is stable; and so the theorem 
holds. This proves 8.2. | 


We deduce: 

8.3 Let r > 0 and u > 2 be integers, and let p = . Let G be a triangle-free graph, sueh 

that G has no hole v-interval, and x^{G) < If x{G) > 44z/(k -|- -\- 4k, then G admits a 

v-incomplete stable shower with floor of ehromatic number more than r. 
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Proof. By 5.4, there is a j^-incomplete shower (Lq, ..., L^, s) in G, with floor of chromatic number 
more than u{Hi + . Then k > p, since v{k + > k. Since p > (i/ + 3)(i/ — 1) + 1, 

6.1 (with A = V + 2) implies that there is a + 2)-stable i/-incomplete shower in G with floor of 
chromatic number more than k + r, so the result follows from 8.2. This proves 8.3. | 


The reason for controlling the waste of the jets that are output by 8.1 is that a jet with bounded 
waste can be covered by a bounded number of monotone paths. More precisely: 

8.4 Let S = (Lq, ..., Tfc, s) he a shower in a graph G, and let J be a p-wasteful jet of S. Then there 
is a set of at most p + 1 monotone paths of S such that every vertex of J in Lq U • • • U Lk-i belongs 
to one of these paths. 

Proof. Choose d G V(J) such the tail T of J has ends d,s. Then no vertex of T belongs to 
Lq U • • • U Lk-i except d. Let P be the subpath of J between zq, d, where zq G Lq. At most k—l + p 
edges of P have an end not in Lk, since the waste of J is at most p. Let us say the height of an 
edge uv of P is the maximum of the heights of u,v. Thus at most k — 1 + p edges of P have nonzero 
height. As P is traversed starting from d, the number of edges in it that have height at least 2 and 
different from the heights of all previous edges is at least k — 1, since the difference of the heights of 
ZQ,d is k — 1; and so there are at most p edges of P that have height 1 or the same nonzero height 
as some earlier edge. By removing all such edges, we decompose P into at most p + 1 paths each of 
which is either monotone or a path of G[Lk]', and every vertex of P in Lq U • • • U Lfc-i belongs to one 
of these monotone paths. This proves 8.4. | 


9 Stable showers 

From now on, there is no need to consider general showers; we might as well just concern ourselves 
with stable showers, in view of 8.3. To complete the proof of 5.1, we only need to show that if iz, k, G 
satisfy the hypotheses of 5.1 then every z/-incomplete stable shower in G has floor with bounded y, 
and that is the goal of the remainder of the paper. 

If <S = {Lq, ..., Lfc) is a levelling, and X C Lq U • • • U L^, we denote by 0(A) or 05(A) the set 
of vertices in L^ that have an ancestor in A, and by 9{X) or 9s{X) the chromatic number of 0(A). 
(We use the same notation if Lq, ... ,Lk are the levels of a shower.) 

We are concerned with a triangle-free graph which admits no hole zz-interval; and we will not 
need to use induction on n any more; so from now on we shall fix n > 2, to avoid having to carry it 
along. We might as well also set p = 3*^^^ -|- 4, for the remainder of the paper, and fix k > 0. Let 
us say a graph G is a candidate if G is triangle-free, and admits no hole z/-interval, and y^(G) < k. 
0ur eventual goal is to prove that every stable shower in every candidate has floor of bounded y. 

Let 5 be a stable shower, with vertex set V, and let M be a mat. For A C P, we denote the set 
of vertices in M with an ancestor in A by M(A), or Ms{X) if there is danger of ambiguity (and we 
write M{v) for M{{v}).) 

We already defined “containment” for showers, but now we need a slightly different inclusion 
relation. Let S = (Lq, ... ,Lk,s) be a stable shower, and let S' = (Lq, ..., L'^,, s') be a shower, both 
in a graph G. We say that S' is a subshower of S if 
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• k' < k] let h = k — k'; and 

• L[ C Li^h for 0 < i < k'. 

In particular, let M be a mat for <S, and let zi G Lh, where 0 < h < k; then we define the 
subshower of S under zi and over M to be ..., s), where L[ is the set of all descendants 

of zi in Li that have descendants in M. 

If <S = (Lq, ..., Lk, s) is a shower, we define its union U{S) to be Lq U • • • U -bfc-i- (Note that this 
is different from the vertex set, as we do not include L^.) 

9.1 Let G be a candidate. Let S = {Lq, ..., L^, s) be a stable shower in G, and let zi,Z 2 G U{S), 
either equal or nonadjacent. For i = 1,2, let Si be a subshower with union Vi and head Zi respectively, 
and let Mi be a mat for Si. Suppose that Vi fl V2 = {zi} H {Z 2 }, and xi^i) > X be the set of 

vertices in V 2 \{zi} with a neighbour in Vi\{z 2 }; and for every monotone path R in G[Vi] between 
zi and Ml, let X{R) denote the set of vertices in V 2 \ {^^i} with a neighbour in V{R) \ {Z 2 }. Then 
either 

• -^1 7^ ^2; cmd there are v induced paths Qq,. .., Qu-i of G[Vi U V2 U Lk] between zi,Z 2 , such that 
\E{Qi)\ = \E{Qo)\ +iforO<i<iz; or 

• x {^2 \ 0(-^)) < 2k, and for all t > 0, if x{^ 2 ) > 2,k + {u -\- l)(3z/^ + 1 )t, then there is a 
monotone path R of G[Vi] between zi and Mi such that x{^ 2 {X{R))) > t. 

Proof. Choose a component of G[Mi] with maximum chromatic number; and since this chromatic 
number is larger than k, it follows that there are two vertices of this component with distance more 
than p. Consequently there is a path Pi with V{Pi) C Mi joining two vertices with distance at least 

3^+2 

(in G). Choose a minimal such path Pi, and let wi be one of its ends. From the minimality of 
Pi it follows that dG{wi,v) < for every vertex u of Pi. 

Let G 2 be a connected induced subgraph of G[M 2 \ Ai^[rci]] with x(C'2) > k (if there is no such 
subgraph, then x{^ 2 ) < 2k and the theorem holds). In addition, choose G 2 with F(C'2)n052(-^) = 0 
if possible. Every path of G between G 2 and Pi has length at least 3, since p > + 3. 

Let (Pjj^,..., Lfc, s) be the subshower of Si above Pi, and let its union be V{. Since 
G[Pfc] is connected, there is a path of G[L]f\ between V (Pi) and C 2 ; let P be a minimal path of G[Lk\ 
such that one end (say di) has a neighbour in F(Pi) U L^_i and the other (say ^2) has a neighbour 
in G 2 . 


(1) There is a set Ai of integers, of cardinality at most v + 1, including a dense subset of cardi¬ 
nality V, and containing two integers x,y with y —x G {1,3}, such that the following holds. For each 
a G Ai there is an induced path Ja of G between di,zi of length a, such that 

• V{Ja) C Vlu{di}; and 

• there is a set of + 1 monotone paths of G[V{] between V{Pi) and zi, such that every vertex 
ofV{ Ja) \ (F(Pi) U {di}) belongs to one of these paths. 
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Let Di be the one-vertex path with vertex di. If di has no neighbour in V{Pi), then 

is a w-bend S[ of size at least and otherwise , • • •, ^ (-^i) ^i) i® ^ shower 

In either case we can apply 8.1 to and deduce that there is a subset Ai of the jetset of of 
size at most u + including a dense subset of cardinality u, and containing two integers x,y with 
y — X G {1, 3}; and realized by a set of jets of 5( that are 3j^^-wasteful. By 8.4, this proves (1). 

Since |^i| < y + 1, there is a set of at most {v + 1)(3j^^ -|- 1) monotone paths of G\yl] between 
V (Pi) and zi such that, if Y denotes the set of vertices in these paths, then V(Ja) C Y uy(Pi)U{(ii} 
for each a G Ai. Let X' denote the set of vertices in V 2 \ {zi} with a neighbour in P \ {z 2 }- Let 
/12 be such that Z 2 G Lh^, and ior h 2 < i < k let L? be the set of vertices in Pj such that there is a 
monotone path of G[V 2 \ X'] between v, Z 2 - It follows that no vertex in P \ {Z 2 } has a neighbour in 

( 2 ) //x(Pfc n ¥{€ 2 )) > n then the theorem holds. 

For then there exists an induced path P 2 of G[L1 n F(C' 2 )] with ends at distance at least p. Since ^2 
has a neighbour in G 2 , it follows that G[V(G 2 ) U V{D)] is connected. Thus 

({zi},L 2 ^i,...,Pti,F(C 2 )UF(P),di) 

is a shower 52 , and L'j^riV {G 2 ) is a mat M say; and by 8.1, there is a dense subset A 2 of the M-jetset 
of ^2 of cardinality v. We claim that -|- A 2 contains a set B oi u consecutive integers. To see this, 
suppose first that there are two consecutive integers a, a + 1 G ^ 2 - Let A! be a dense subset of 
of cardinality v; then A! + {a, a -|- 1 } consists of at least v + 1 consecutive integers, all contained in 
Ai + A 2 as required. We may assume that that no two members of A 2 are consecutive. Since A 2 is 
dense of cardinality v, there exists s such that s, s -|- 2, s -|- 4,..., s + 2{y — 1) G ^ 2 - But there exist 
x.,y G Ai with y — x G {1, 3}; and then 

{s, s + 2, s + 4,..., s -h 2 ( 1 / - 1)} -h {x, y} 

contains v consecutive integers (indeed, almost 2u). This proves that B exists. 

If zi = Z 2 then for every Ja (a G ^ 1 ) and every M-jet of ^ 2 , their union is a hole; and so G has 
holes of every length in B, and so has a hole i/-interval, which is impossible since G is a candidate. 
Thus zi 7 ^ Z 2 , and so they are nonadjacent; but then for every Ja {a G ^ 1 ) and every M-jet of 5^, 
their union is an induced path between zi, Z 2 and the theorem holds. This proves (2). 

We may therefore assume that xiLl LI ^(^ 2 )) < k. Consequently, V{G 2 ) % L\, and therefore 
V{G 2 ) n © 52 (-^0 / 0- From the choice of G 2 , it follows that x(M 2 \ 0(^)) < 2k (for otherwise we 
would have chosen C 2 with V{G 2 ) C M 2 \ (0(X) U This proves the first statement of the 

theorem. 

Now let r > 0, with x{^ 2 ) > 2k, + {v + 1)(3k^ -|- 2)r; then we may choose G 2 with x{G 2 ) > 
K + {v + 1)(3k^ -|- 2)r. Since x{G 2 \ 052(^)) — follows that x{^ 2 {X)) > {v + 1)(3k^ -|- l)r. 
Thus, one of the {v + 1)(3k^ -|- 1) monotone paths satisfies the theorem. This proves 9.1. | 
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There is a special case of 9.1 that we often need, and we extract it to make application easier. 

9.2 Let G be a candidate. Let {Lq, ..., L^, s) be a stable shower in G, and let zi G U{S). Let A, B 
be disjoint sets of ehildren of zi. Let M be a mat for S, and suppose that x{M{B) \ M{A)) > k. 
Then x{M{A) \ M{B)) < 2k, and for all t >0, if x{M{A)) > 2k + {u + l)(3z/^ + l)r, then there is 
a monotone path R between B,M(B) \ M{A) such that x{M{X)) > t, where X denotes the set of 
vertices with a parent in V (R) and an ancestor in A and a descendant in M (yl). 

Proof. Let 5i be the maximal subshower with head zi such that no vertex of its union has an 
ancestor in A, and every vertex of its union except zi is a descendant of a member of B] and let S 2 
be the maximal subshower with head zi such that every vertex of its union except zi has an ancestor 
in A. Let their unions be Vi, V 2 respectively. Then Vi n V 2 = and no vertex in Vj has a parent 
in ¥ 2 - Also M(B) \ M{A) is a mat for 5i, and M{A) for 62 . By 9.1, the result follows. This proves 
9.2. I 


9.3 Let G be a eandidate. Let (Lq, ..., L^, s) be a stable shower in G, with union V, let zi G V, let 
Y be a subset of the set of children of zi, and let M C 0 (y). For t > 0 , if 

X{M) > t + {{k + 1)(3z/^ + 1) + 7)k, 

then there exists Z2 €Y such that x(M(z2)) > t. 

Proof. Choose A CY minimal such that x(M(A)) > 2/t + r. Suppose that x{AI{A)) > 3k+ r, and 
choose Z2 G A; then from the minimality of A, x(M(A \ {Z2})) < 2k + t, and so 

X(M {Z2) \M{A\ {Z2})) > K. 

By 9.2 applied to A \ {^ 2 } and {Z 2 }, it follows that x(Al(A) \ M{z 2 )) < 2k; and since x{AI{A)) > 
2k + T, it follows that x{AI{z 2 )) > t, as required. 

We may assume therefore that x{AI{A)) < 3k + r. Let n = {v + 1)(3k^ + 1)k; then 

x(M) > r + n + 7 k > x(Af(A)) + n + 4 k, 

so we may choose B C.Y with A Q B, minimal such that x(Af(il)) > x(Al(A)) + n + 2k. Again, by 
the same argument, we may assume that 

x{M{B)) < x{M{A)) + n + 3k < T + n + 6k; 

and since x(Af) > r + n +7 k, it follows that x{M\M{B)) > k. By 9.2 applied to the mat M\M{A) 
and the sets B,Y \ B (with r replaced by k), there exists Z2 €Y \ B such that 

X((M\M(A)) nM(z2)) > K. 

By 9.2 again, applied to the mat M and the sets A, {Z2}, it follows that x{AI{A) \M{z2)) < 2k, and 
consequently xiM{z 2 )) > t, as required. This proves 9.3. | 
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10 Shower completeness 


To go further we use a global induction that we explain next. For n > 2, a set of integers is n-solid 
if some subset consists of n consecutive integers. It is 1-solid if it contains two integers that differ 
by 1 or 3. A key observation is that if a set A of integers is n-solid where n > 0, then A + {0, 2} is 
(n -|- l)-solid. Let us say a shower is n-complete over a mat M if its M-jetset is n-solid. (For n > 2 
this agrees with our earlier definition.) Now 8.1 implies that in every candidate, all stable showers 
with a mat M of large enough chromatic number are 1-complete over M ; and as we have seen, to 
finish the proof of our main theorem 5.1 we only need to show that all stable showers with a mat M 
of large enough chromatic number are n-complete over M. 

For O' > 0, let us say an integer () > 0 is a sidekick for a if for every candidate G, and every stable 
shower 5 in G, 5 is ci-complete over M for every mat M for S with chromatic number more than (). 

Next we need a third inclusion relation for showers, as follows. Let S = (Lq, ..., L^, s) be a stable 
shower, and let S' = (L',..., L^,, s') be a shower, both in a graph G; and let P be an induced path 
between Lo,L'q. Suppose that 

• s = s'; 

• Z/Q,..., P Lq U • • • U Lfc_i; 

• L'y C Lk; and 

• no vertex of P belongs to U • • • U L(.,, and no vertex of P has a neighbour in this set except 
the vertex in Lq. 

In this situation we say that S' is included in S, and P is a pipe. It follows that S' is a stable shower, 
because the subgraph induced on Lq U • • • U L^-i is bipartite. We see that if S' is a subshower of S 
then it is included in 5, via a pipe consisting of a monotone path between the two shower heads. 

Let S' be included in <S, with a pipe P. For every jet J' of S', JUP is a jet of S; and consequently, 
if the jetsets of the two showers are A., A! respectively then A' -|- {|P(P)|} C A. Thus if S' is n- 
complete for some n, then so is S. If M,M' are mats for S,S' respectively, and M' C M, then for 
every M'-jet J of S', J U P is an M-jet of S; and so the same relation holds between the M- and 
M'-jetsets of the two showers. Note that the floor of S' is a subset of the floor of S, but for an 
individual vertex v, there may be descendants of v in S' that are not descendants in S. (This is not 
the case for subshowers, and for this reason some results will only work for subshowers.) 

Let S' be included in S. We say a switch for S' in 5 is a pair (Pi,P 2 ) of pipes such that 
|P(P2)| = |P(Pi)|+2. 

10.1 Let Q be a sidekick for a. Let S be a stable shower in a candidate G, and let S include a 
shower S'. Let M,M' be mats for S, S' respectively, with M' C M. If S is not {a -|- l)-complete 
over M, and x{LI') > C? then there is no switch for S' in S. 

Proof. Let S, S' have heads zo,zi respectively, and suppose that (Pi,P 2 ) is a switch for S' in S. 
Let A be the M-jetset of S, and let Al be the M'-jetset of S'. As we saw above, 

A' + {|P(Pi)|,|P(Pi)| + 2}CA 

Since x{LI') > C and C is a sidekick for a, it follows that S' is fi-complete over M'. Consequently 
M -|- {|P(Pi)|, |P(Pi) -|- 2} is (fj -|- l)-complete, and hence so is A, a contradiction. This proves 

10.1. I 
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The first use of 10.1 is the following companion to 9.1: 

10.2 Let C be a sidekick for a. Let G be a eandidate, let S = (Lq, ..., L^, s) be a stable shower in 
G with a mat M, and suppose that S is not {a + l)-eomplete over M. Let zi € Lh, where < h < k, 
and let A be a set of ehildren of zi; and let b ^ A be another ehild of zi. Let P be a monotone path 
between b and Lk H M, such that some vertex of P has a ehild with an ancestor in A. Let P have 
vertices Ph+i- ■ ■ ■ -Pk, where Ph+i = b and pk G L^ri M. If i > h + 2 and pi has a ehild x whieh has 
an ancestor in A, then the set of descendants of pi in M that are not descendants of x has chromatie 
number at most (. 

Proof. Let Pi be a monotone path between zo,zi. Since x has an ancestor in A, there is a monotone 
path Q between x, zq containing a vertex in A. Consequently Q contains no descendant of b except 
X] and since i > h + 1, the path P 2 formed by the union of Q and the edge xpi is induced. Its length 
is |P(Pi)| + 2. Let S' be the subshower of S between pi and M\0(x), and let M' be the intersection 
of its floor with M \ 0(x). This is a stable shower included in S, with a mat M', and (Pi,P 2 ) is a 
switch for it. By 10.1, x{M') < C- This proves 10.2. | 


11 The shadow of a wand 

Let S = (To,..., Lk, s) be a stable shower. A wand W of length t in 5 is a sequence (ITo) • • •) Wt) 
with the following properties: 

• t < k — 2] 

• $ ^ Wi C Li for 0 < i < t; 

• every vertex in Wi is adjacent to every vertex in ITi+i for 0 < i < t — 1. 

We define ^(1^) = ITq U • • • U 11*. 

Let {Wq, ..., Wt) be a wand W in <S. If u € Wi for some i, we say that a neighbour u of u is an 
up-neighbour of u if 

• V{W); 

• u € Lj_i (and therefore i > 2); and 

• every neighbour of v in V{yV) belongs to Wi (and therefore i > 3). 

For 0 < f < t — 1, let Tj be the set of all vertices v ^ Li such that v is an up-neighbour of some 
vertex in ITj+i. Let T = Tq U • • • U Ti-i. For u G T, a post with top u is a monotone path between 
u and Lk such that no vertex of this path except u belongs to or has a neighbour in V{W). (A 
post with top u therefore provides an induced path between the neighbour (s say) of u in P(W) and 
Lk of length two more than a monotone path between s and Lk, and we shall exploit this later.) 
For 0 < f < /c, let Si be the set of all vertices v G Li that belong to a post with top in T. (Thus 
Ti C Si C Li\V (W), and S'o = 0.) If M is a mat for S, we call M Cl Sk the shadow (over M) of the 
wand. 

Showers in which no wand shadow has large y are easier to work with than general showers. In 
this section we prove that their mats have bounded chromatic number. The proof requires several 
steps. We begin with: 
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11.1 Let S be a stable shower with mat M in a candidate G, sueh that every wand in S has shadow 

over M with ehromatic number at most r. Let zi G U{S), and let A,B be disjoint sets of ehildren 
of zi- If x{M{A)) > K then x{M{B) \ M{A)) < {n + + l)(r + k) + 2k. 

Proof. Suppose not. Let 5i be the maximal subshower of S with head zi such that every vertex 
in U{Si) except zi has an ancestor in A. Then B n U{Si) = 0. Let S 2 be the maximal subshower 
of S with head zi such that every vertex in U{S 2 ) except zi has an ancestor in B and has no 
ancestor in A. For i = 1,2 let Vi = U{Si). Thus Vi n V2 = and no vertex in V 2 has a 

parent in Vi. Moreover, M{A) is a mat for 5i, and M{B) \ M{A) is a mat for 82 - By 9.2, since 
x{M{B) \ M{A)) > {v -[- l)(3i/^ + l)(r + k) + 2k, there is a monotone path R of G[Fi] between zi 
and M{A) such that, if X denotes the set of vertices in V 2 \ {^^i} with a neighbour in V{R) \ {2:1}, 
then the set of vertices in M{B) \ M{A) with an ancestor in X has chromatic number more than 

T + K. 

Now no vertex of R different from zi has a child in V 2 , so every vertex in X has a child in V{R). 
Let y be the vertex of R with height two, and let R' be the subpath of R between zi,y. Let Xi 
be the set of vertices in X with a child in R', and let X 2 be the set of vertices in X with a child 
in R with height at most one. Let P be the union of R and a monotone path between Lq and zi. 
The vertices of P in order form a wand, and every vertex in Xi is an up-neighbour of a vertex of 
this wand. Consequently the set of descendants in M of Xi is a subset of the shadow of this wand, 
and so has chromatic number at most r. But every vertex with an ancestor in X 2 is at distance at 
most three from the penultimate vertex of R, and in particular the set of descendants in M of X 2 
has chromatic number at most k. Consequently x{^{^)) < -|- k, a contradiction. This proves 

11.1. I 

Let <S be a stable shower in a candidate G. A wand W = {Wq, ..., Wt) is said to be 1,-diagonal if 

• every vertex of LffS) with a child in VfW) belongs to V{W); and 

• for 0 < i < t, the set of vertices in M that have an ancestor in IF* and no ancestor in VFj+i 
has chromatic number at most ^ (where IFt+i = 0). 

Next we need some results about showers that admits ^-diagonal wands, where ^ is bounded. Before 
we do so, let us set up some notation for these things. 

If 5 = {Lq, ..., Lfc, s) with mat M, and W is a ^-diagonal wand {Wq, ..., Wt) in S, then for every 
vertex v of U{S) U M, there is a maximum i < t such that IF* contains an ancestor of v. We call 
this number i the reaeh of v (with respect to W). Let V = U{S), and for 0 < i < t let Mi and Vi 
be the sets of all vertices in M and in V with reach i, respectively. It follows that no member of Vj 
has a child in if i < j. A monotone path is vertieal if for some i, all its vertices belong to Mi U Vi- 
Let 0 < h < t, and let P be a monotone path between some vertex in M^ and some vertex in W^. 
It follows that P is vertical. If A C F U M, the set of vertices in M joined to a vertex in A by a 
vertical path is denoted by A j, M. 

11.2 Let C be a sidekick for a. Let S be a stable shower with mat M in a candidate G, such that S 
is not {a + 1)-complete over M, and the shadow over M of every wand in S has ehromatic number 
at most T. Let W = (VFq, ..., IFt) be a ^-diagonal wand, and, with notation as above, let 0 < h < t. 
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and let P be a monotone path between M and Wh, with no vertex in V{W) except its vertex in Wh- 
Let N(P) be the set of vertices in M {V \ V{W)) with a neighbour in V{P). Then 

X{{N{P) i M) \ {Mh U Mh+i)) <2C + 2C + k + t. 

Proof. Let P have vertices ph - Pk in order, where pi G Li ior h < i < k. Thus ph G Wh- For 

h < i < k, let be the set of parents of pi+i in P(W) (taking Yk = Ih). Let Zi be the set of vertices 
in P \ P(W) with height at least three, with a child in V(P) and with no parent in V(P). It follows 
that Zi n V{P) = 0. 

(1) x{ZiiM)<T. 

The sequence 

(Wo,..., Wh-i, {ph}, {Ph+i}, {Pk- 2 }) 

is a wand, and every vertex in Zi is an up-neighbour of a vertex in this wand, and so every vertex in 
Zi f M belongs to the shadow of this wand over M. Since by hypothesis the shadow of every wand 
over M has chromatic number at most r, this proves (1). 

Let Z 2 be the set of vertices in P \ V{W) adjacent to one of pk- 2 ,Pk-i,Pk- 

(2) y(Z2 iM)<K. 

This is immediate since every vertex in Zi f M has distance at most four from Pk- 2 , and p > 4. 

Let Z 3 be the set of vertices in P \ I/(W) with a parent in {ph, ■ ■ ■ ,pk- 3 }- 

(3) x{{Z3 i M) \ {Mh U Mh+i)) < 2C + 2^. 

To show this, we may assume that Z 3 f M % Mh U Mh+i- Thus there exists j < k — 2 and 
i > h such that j ^ h,h + l and and some child of pi belongs to Vj (as we see by following down the 
path P until it leaves Vh U 14+1 )• Since no descendant of ph belongs to 14' for h' < h, it follows that 
j > h + 2. Every vertex in Vj is a descendent of a vertex in Wj, and consequently i > j > h + 2. 
We have shown then that there exists i G {h + 2,... , k — 3} such that pi has a child in Vj for some 
j > h + 2. Choose i > h + 2 minimum with this property; and let ji G {h + 2,... , k — 2} he maximum 
such that Pi has a child in If possible, let G {h + 2,..., k — 2} be maximum such that pi+i 
has a child in Vj 2 , and otherwise let j2 = h. 

Let X be a child of pi in Vj-^. Let 5i be the maximal subshower of S with head pi such that no 
child of x belongs to U{Si), and let be the set of vertices v € M such that there is a monotone 
path of S between v,pi containing no child of x. Thus, is a mat for <Si. For 0 < a < /c — 2, let 
Ca G Wa, where Ch = Ph- Let Q be a vertical path between x and Cj; then pi has no neighbour in 
V(Q)- Consequently cq- • • • -Ch-Ph+i- ■ ■ ■ -Pi and CQ-Cj-Q-x-pi are both induced paths, and so the pair 
form a switch for 5i. From 10.1, it follows that x{^^) 4 C- 

If j2 > h let X 2 be a child of pi+i in Vj^-, and let be the set of vertices v G M such that there 
is a monotone path of S between v,pi+i containing no child of X2; then similarly, x(-Lf^) < C- (If 
j 2 = h let = 0.) 
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Let be the set of all f G Z3 M such that v ^ U M^. Let v G since u G Z3 M there 
is a vertical path R between v and a child of p*/ for some i' with h < i' < k — 3. Let v G Mji] then R 
can be extended to a vertical path between v and Wj/. Since v ^ M^, this vertical path contains a 
child of X. Every child of x belongs to U • • • U Vk- 2 , and so j' > ji. Since there is a child of pi/ in 
R and hence in Vj/, it follows from the choice of i that either i' > i or j' = h + 1. If i' > i + 2 there is 
a monotone path between v,pi containing no child of x, a contradiction; so i' < i + 1. Hence either 
i' = i, or i' = i + 1, or j' = h + 1. If i' = i, then the choice of ji implies that j' < ji; and since a 
child of x belongs to Vji, it follows that j' = ji. Similarly, if i' = i + 1, then the choice of implies 
that j' < j 2 ', and since a child of X 2 belongs to Vj/, it follows that j' = j 2 - We have shown then that 
j' is one of ji-ij 2 ,h + 1. Consequently C M^+i U Mj^ U Mj^. 

But Z3 I M C Ml U m2 u m 3, and xi^h U ^ 32 ) < so xii^z i M)\ {Mh U Mh+i)) < 2^ + 2C. 
This proves (3). 

From (1), (2) and (3), since N{P) = ZiU Z 2 U Z 3 , the result follows. This proves 11.2. | 


11.3 Let C be a sidekick for a. Let S be a stable shower with mat M in a candidate G, such that S 
is not {a + 1)-complete over M, and the shadow over M of every wand in S has ehromatic number 
at most T. Let W be a (^-diagonal wand. In the usual notation, let h < j <t, and let A C 
such that G\A] is connected and y(^) > 2^ + 5^ + 2 k + r. Let Ch G W^, and Cj G Wj. Then there 
is a set A of integers, and for each a € A there is an indueed path Ja of G between Ch, Cj, with the 
following properties: 

• A has eardinality at most n + 1, and includes a dense set of eardinality u, and eontains two 
integers x, y with y — x G {1, 3}; 

• \E(Ja)\ = a for each a G A; 

• for each a £ A, V{Ja) \ {ch, cj} C Vh+i U • • • U Vj-i U A; 

• for each a £ A, there is a set of at most 3v^ + 2 monotone paths between A and Ch, such that 
every vertex of V(Ja) \ (H U E(W)) belongs to one of these paths. 

Proof. No vertex in A has an ancestor in Wj; choose i < j maximum such that some c* G Wi has 
a descendant in A. Let Q be a monotone path between c* and A. By 11.2, there exists A' C. A such 
that G[A'] is connected, 

X{A') > x{A) - (2C + 5^ + K + r) > K, 

and no vertical path meets both N{Q) U Wi U Wi-i and A'. Let S' be the maximal subshower of 
S with head c^ such that U{S') contains no vertex of N{Q) U Wi U then A' is a mat for S'. 

Let S' be L'-,..., s say. Let be the union of A, V(Q), and ITj+i U Wi +2 U • • • U Wj; 

then G[L'f,] is connected, and every vertex of U{S') with a neighbour in belongs to L'^_^. Thus 
L'j,..., L'f,_.y, L'j^, Cj is a shower, with mat A'; and the result follows from 8.1 and 8.4. (Note; 8.4 
gives us + 1 monotone paths containing all the vertices of Ja not in but we also need to 
cover the vertices of Ja in L'^\Lj^. One more monotone path will do this, namely Q.) This proves 
11.3. I 
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11.4 Let C be a sidekick for a. Let S be a stable shower with mat M in a candidate G, such that S 
is not {a + 1)-complete over M, and the shadow over M of every wand in S has ehromatic number 
at most T. Let W be a f^-diagonal wand. With the usual notation, let jo < ji < j2 < t, and suppose 
that ui G Mjg and U 2 G Mj^ are adjacent. Let C Ujo<i<ii — 

x{M^) > 6C + 13.^ + 4k + 3r and 

X{M^) > (2C + 4^ + K + r)(3 + + 2)) + ^ + k 

then there is an edge between 

Proof. Let Pi be a vertical path between ui,WjQ, and let P 2 be a vertical path between tt2, 

Let CjQ be the end of Pi in Wj^, and let Cj^ be the end of P 2 in Wj^. Since ui,U 2 are adjacent, there is 
an induced path P between cj^, Cj^ with V(P) C V{Pi U P 2 ) For i = 1, 2, let N{Pi) the set of vertices 
in M U (1^\ V^(W)) with a neighbour in V{Pi). By 11.2, for i = 1, 2, x{^{Pi) i M) < 2C + 4^ + K + r, 
and so there exists Ai C with xi-^i) > 2^ + 5^ + 2k + r, such that is connected and no 

vertex in Ai belongs to a vertical path that intersects N{Pi) U N{P 2 ). Choose Cji e By 11.3, 

(1) There is a set A of integers, and for each a G A there is an induced path Ja of G between 
with the following properties: 

• A has eardinality at most n + 1, and includes a dense set of eardinality v, and eontains two 
integers x, y with y — x G {1, 3}; 

• \E{Ja)\ = a for each a G A; 

• for each a G A, V{Ja) fL ^jo+i U • • • U Lji-i U yli U {cjo,Cji}; 

• for each a G A, there is a set of at most + 2 monotone paths between Ai and cj^, sueh that 
every vertex ofV{Ja) \ {Ai U V{W)) belongs to one of these paths. 

Now suppose that there are no edges between M^, M^. By {v + 1)(3k^ + 2) + 2 applications of 
11.3, there exists A 2 C M 2 with the following properties; 

• G[yl2] is connected, and no vertex in A 2 belongs to a vertical path that intersects N{Pi)VJN{P 2 )', 

• for each a G A, no vertex in yl2 belongs to a vertical path that contains a vertex in V{ Ja) or a 
neighbour of such a vertex (here we use that there is no edge between yli and M^) 

• x(^ 2 ) > 2C + 5^ + 2k + r. 

We apply 11.3 to A 2 , and thereby obtain a set of paths joining Cjj and Cj^. But for each of 
these paths, say J, and each a G A, the union J U Ja is an induced path between CjQ,Cj 2 ', and it 
can be combined with the induced path P to form a hole. It follows as usual that G contains a hole 
K-interval, a contradiction. This proves 11.4. | 
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11.5 Let C be a sidekick for a. Let S be a stable shower with mat M in a candidate G, such that S 
is not {a + 1)-complete over M, and the shadow over M of every wand in S has ehromatic number 
at most T. Let W be a f,-diagonal wand. In the usual notation, let ji < < t, and suppose that 

ui G Mj^ and U 2 G are adjacent. Let C Mj and C ^32<j<t^r If 

X{M^) > 2(2C + 4^ + K + r) + K 

and 

X{M^) > 2(2C + Ai + K + T)+2K + {v + 1)(3z/ 2 + l)r 

then there exist Ai C and A 2 C such that x(^i) > x{AI^) ~ 2(2C + 4,^ + k + r) for i = 1,2, 
and such that there is no edge between ^1,^2- 

Proof. For i = 1,2, let Pi be a vertical path between Ui and some Cj^ G PFj. . Let P be an 
induced path between Cj^,Cj 2 with V{P) C V{Pi U ^ 2 )- For i = 1,2, let N{Pi) the set of vertices in 
M U (F \ F(W)) with a neighbour in F(Pj). 

Let B be the set of all vertices that belong to a vertical path R between U and V (W) 
such that no vertex of R belongs to N{Pi) U N{P 2 ). Then there is a subshower S' of <S with head 
Cjj such that U{S') \ ViW) = B \ L^. (Some vertices of S' belong to F(W).) Let 

S' = {L'j^,L'j^j^i,..., L'f._i,Lk, s). 

By 11.2, for i = 1,2, x(A^(Pj) f M) < 2C+4^+K+r, and so x(-BnMi) > x(TLi) —2(2C+4,f+K+T). 
Choose Ai (L B Mi, such that G[vli] is connected and x(^i) = x{B fl Mi). Similarly, we may 
choose ^2 n i? n M2 such that ^[^2] is connected and x(^2) > x(-^2 ) — 2(2^ + 4,^ + k + r). 
Suppose that there is an edge between Ai,A 2 . Then G\Ai U A 2 ] is connected, and so 

• • • ’ ^2, So) 

is a shower 5o say (where sq £ 2I1 U A 2 is arbitrary). Let 5i be the maximal subshower of Sq with 
head Cj^ such that every vertex in U (5i) \ V (W) belongs to a vertical path of S with one end in M^, 
and let S 2 be the maximal subshower of Sq with head Cj^ such that every vertex in U{S 2 ) \ V{W) 
belongs to a vertical path of S with one end in M^. It follows that Ai is a mat for Si for i = 1,2. 
Now there is no monotone path R of G[F2] between Cj 2 and M2 such that x(-Lfi(-^(-R))) > where 
X{R) denotes the set of vertices in Fi with a child in V{R); and so by 9.1 (with Mi, M 2 replaced by 
A 2 ,Ai) since x(l^ 2 ) > k, and x{-^i) > 2,k-\-{v-\-1){?,v‘^ + l)r, there are v induced paths Qo,..., Qu-i 
of G[Fi U F2 U Lfc] between Cjj, Cjj, such that \E{Qi)\ = \E{Qq) \ + i lor 0 < i < u. But each of these 
paths forms a hole when combined with P; and so G contains a hole i/-interval, which is impossible. 
It follows that there is no edge between yli,yl2. This proves 11.5. | 


We need the following lemma. 

11.6 Let G be a graph with ehromatic number more than AN, and let Mi,..., Mk he a partition of 
V{G) such that x(G'[Mj]) < N for 1 <i <k. Then there exist a<b<c<d<e<k such that there 
is an edge of G between Ma and Me, and an edge between Ma and Mg. 
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Proof. Let J be the graph with vertex set {1, ... ,k} in which i,j are adjacent if there is an edge 
of G between Mi and Mj. If J is 4-colourable, then x{G) < 4A^, a contradiction. So J is not 
4-colourable, and consequently there exists a G {1,..., /c} such that a is adjacent in J to at least four 
of a + 1,..., /c. Let a, 6, c, d be the four neighbours, in order; then the theorem holds. This proves 

11 . 6 . I 


11.7 Let C be a sidekick for a. Let S be a stable shower with mat M in a candidate G, such that S 
is not {a + 1)-complete over M, and the shadow over M of every wand in S has ehromatic number 
at most T. Let W be a f^-diagonal wand. Let 

T] = (2C + 4^ + K + t)( 5 + (z/ + l)(3z/^ + 2)) + ^ + K. 

Then x(M) < 4(?7 + C) + d- 

Proof. Suppose that y;(M) > 4(77 + C) + ^- Let jo = 0 , and define ji, j2, ■ ■ ■ jt and M^,..., 
inductively as follows. Having defined jo, ■ ■ ■ ,ji and M°,..., if x(Uj7<j<2fc-2 < d the se¬ 
quence terminates; define t = i. Otherwise choose ji+i < 2 k—2 minimum such that x(U7 <7<7 ^3) — 

Let Af = "r 

This completes the inductive definition. We see that the sets M^, ..., Mt-i are disjoint, and their 
union has chromatic number at least xi^) ~ d'i and each Mj has chromatic number at least t], and 
at most d C (from the minimality of ji+i). Since x(-Ll) > 4(7/ + C) + h follows from 11.6 that 
there exist a<b<c<d<e<t such that there is an edge of G between M“ and M^, and an edge 
between M“ and M®. Now 

Tj > 2(2( + Af, + K + T) + 2K + {i3 + l)(3z^^ + l)r 

so by 11.5 applied to and the edge between M“,M‘^, there exist Ai C and A2 C M'^ 

such that x(^i) ^ d ~ 2(2C + 4,^ + k + r) for i = 1,2, and there is no edge between Ai,A 2 . But 
this contradicts 11.4 applied to yli,yl2 and the edge between M“,M®. This completes the proof of 

11.7. I 


Now we can prove the objective of this section, the following. 

11.8 Let C be a sidekick for a. Let N = (3z^^ + 2)(i/ + 1) -|- 5. Let t > 0, and let S be a stable 
shower with mat M in a candidate G, such that S is not {a + l)-complete over M, and the shadow 
over M of every wand in S has ehromatic number at most r. Then x{AI) < lON'C + 80A^^(r + n). 


Proof. Let 


f = {v + l)(3i/^ + l)(r k) -b 2k, 


and let 

rj = (2C + 4^ -b K + t)(5 -b (z^ + l)(3z/^ + 2)) -b ^ + k. 

Let zq G Lq, and recursively, having defined Zi, let Zj+i be a child of Zi chosen such that x{^{^i+i)) > 
K if there is such a child; otherwise the definition terminates, when i = t say. Thus M is the union 
of the sets M{zi) for 0 < z < t. 
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(1) ForQ<i<t, x{M{zi) \M{zi+i) < C, and x{M{zt)) < C- 


For 0 < i < t, since xi^izi+i)) > n, H-l implies that 

x{M{zi) \ M{zi+i)) <{v + + l)(r + n) + 2 k <^. 

Every child z of zt satisfies xiM{z)) < k, and so by 9.3, 

x{M{zt)) < {{n + l)( 3 z/^ + 1 ) + 8 )k < C- 


This proves (1). 


For each vertex v a M, choose a monotone path between v and some vertex such that 
Xy has a neighbour in {zq, ... ,zt}, with minimum length. Thus no vertex of Ry except Xy has a 
neighbour in {zq, ..., zt}. Now Xy might have a parent in {zq, ..., zt}, or a child, or both. Since 
({zq}, • • •, {zt}) is a wand, it follows that the set of all v such that Xy has a child but no parent in 
{zq, ..., Zt} has chromatic number at most r. The set of all v such that Xy has a parent but no child 
in {zq, ... ,zt} has chromatic number at most 4(?7 + ^) + ?7, by 11.5, applied to the subshower induced 
on the union of the vertex sets of the corresponding paths Ry, together with {zq, ... ,zt} (because in 
this subshower, the wand is ^-diagonal). 

It remains then to bound the chromatic number of the set M' of u € M such that Xy has both a 
parent and a child in {zq, ... ,zt}. Let S' be the subshower induced on the union of the vertex sets 
of the corresponding paths Ry, together with {zq, ..., zt}. For 1 < i t — 1, let be the set of all 
vertices of U{S') that are adjacent to both Zi^i,Zi-i, and let Dq = {zq} and Dt = {zt}- (Note that 
Zt is the only child of zt-i in U{S')). Thus zt G Dt for all i. For c = 0,1,2, let Wc be the sequence 
Xq, ..., Xt, where Xt = Dt if i = c modulo 3, and otherwise Xt = {zi}. 

Thus each Wc is a wand, and for each v G M', Xy € V (Wc) for some c G {0,1,2}. For c = 0,1, 2, 
let be the set of u G M' such that Xy G Dt for some i G {0,..., t} congruent to c modulo 3. Let 
c G {0,1,2}, and let v G M^. Now no vertex of Ry \ {x^} has a parent in V (Wc), from the minimality 
of the length of Ry, except for the child of Xy in Ry; and the latter has no child in V(Wc) since it has 
no neighbour in {zq, ..., zt}- Consequently, if some vertex in Ry \ {xy} has a child in V (Wc), then 
V belongs to the shadow of the wand Wc in S'; and so the set of all such v has chromatic number at 
most r. 

Finally, the set of u G M}. such that no vertex in Ry \ {xy} has a child in V{Wc), has chromatic 
number at most 4(ry + ^) + ij, by 11.5. In total then, we have shown that 

x(M) < r + (4(r/ + ^ + ??) + 3(r + (4(7? + C) + r])) = 4t + 20?? + 16.^. 

After some arithmetic, which we omit, this proves 11.8. | 


12 Raising a wand 

Now we turn to general showers, in which a wand shadow may have large chromatic number. We 
will prove that, if there is such a wand, then we can use it to construct a new shower, still with large 
X, in which no wand shadow has large chromatic number. We begin with: 
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12.1 Let S = {Lq, . .., Lfc, s) be a stable shower in a candidate G, and let {Wq, ..., Wt) be a wand 
W in S. Let v be a vertex of some post, and let v ^ Li say. Then there are two induced paths Pi, P2 
of G between v and Lq, such that |£'(P2)| = l-^(-Pi)l + 2 , and for j > i every vertex in Lj that belongs 
to or has a neighbour in either of these paths belongs to Pli+i U lFj+2 U {u}. 

Proof. Let P be a post containing v, with top t ^ Th say; thus h < i. Let Pq be the subpath of 
P between v, t. Let u € Wh+i be adjacent to t. Let Pi be the union of Pq and a monotone path 
between t and Lq. P2 be the union of Pq, the edge tu, and a path between u and Wq with one vertex 
in each of Wq, ..., Wh+i. This proves 12.1. | 


12.2 Let C be a sidekick for a. Let S = {Lq, ... ,Lk,s) he a stable shower in a candidate G, with 
mat M, such that S is not {a + l)-complete over M. Let {Wq, ..., Wt) be a wand W in S. Let 
0 < i < t — 1, and let Ti be the set of up-neighbours of vertices in TLi+i. Let M' be the set of all 
V £ M that belong to a post with top in Ti. Then 

X{M') < C + 2{{u + 1)(3i/2 + 1) + 7)k. 

Proof. For X C Ti, and j £ {i,..., k}, let Lj{X) be the set of all vertices in Lj that belong to a 
post with top in X. Then 

(VFo, ITi,..., Wi, X, Li{X),L,+i{X),..., Lk-i{X),Lk, s) 

is a stable shower 5(X) included in S (with a one-vertex pipe); although it is not a subshower. Also 
M' = M n Lk{Ti). By 9.3 applied to S{Ti) (taking zi £ Wi and Y = VFi+i) there exists u £ VFj+i 
such that 

x{M n Lk{X)) > x(M') - {{n + l){3u^ + 1) + 7)k, 

where X is the set of up-neighbours of u. By 9.3 applied to S{T{X)) (taking zi = u, and Y = X) 
there exists x £ X such that 

x{M n Lk{x)) > x{M n Lk{X)) - {{u + 1)(3i/ 2 + l) + 7)k; 

and so 

x{M n Lk{x)) > x(M') - 2{{u + 1)(3i/2 + l) + 7)k. 

Now 

{x, Li{X), Pj-i-i (Al),..., P/j_i(A), Lf^, s) 

is also a shower included in S (with pipe a monotone path between x and Lq), and M n Lk{x) is a 
mat for it. But there is a switch for 5({a:}) in S, by 12.1. From 10.1 it follows that x(-Tf nPfc(rE)) < C- 
We deduce that 

x(M n Lk{X)) < C + 2{{iy + 1)(3z/2 + l) + 7)k. 

This proves 12.2. | 
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Let Tq, ..., Tt_i,T be as before. For 0 < i < /c, let 5* be the set of all vertices f G Lj that belong 
to a post with top in T. (Thus T* C 5* C Lj \ F(>V), and Sq = 0.) If M is a mat for 5, it follows 
(since t < k — 2) that 


(ITo, Wi, W 2 , IFs U 5i, IF 4 U 52 ,..., IT* U St- 2 , St-i, 8 ^- 2 , Sk-i,Lk, s) 

is a stable shower S' included in 5; and we say that S' is obtained from S by raising the wand. 
Moreover, the shadow M n 5^ is a mat for S'. 

When we raise a wand, the new shower S' is included in S, but it is not a subshower, and we 
must be cautious with concepts such as “child”, “descendant”, because they depend on which shower 
we are using. For clarity we temporarily replace them by expressions like “5-child”. 

12.3 Let S = (To,..., L^, s) be a stable shower in a candidate G, and let {Wq, ..., Wt) be a wand 
in S. Let S' be obtained from S by raising the wand. Then for 0 < i < if v € Wt and v is an 
S'-child of u then i > 0 and u G IFi_i. 

Proof. In the notation given before, since v G Wt and v is an 5Lchild of u, it follows that i > 0 and 
u G Wi-i U 5 i_ 3 , where 5 _i, 5_2 = 0. But 5^-3 C Lj _3 and u G IFj C Lj, so u ^ Sts, and hence 
u G Wi-i. This proves 12.3. | 


12.4 Let C be a sidekick for a. Let S = (Lq, ... ,Lk,.s) be a stable shower in a candidate G, with 
mat M, such that S is not {a + l)-complete over M. Suppose that S is obtained from some stable 
shower 5o in G with mat Mq by raising some wand, and M is the shadow over Mq of this wand. Let 
W be a wand in S. Then the shadow M' ofW over M has chromatic number at most 

3(^ + 6((r' + 1)(3^'^ -|- 1) + 7 )k. 

Proof. Let W = (ILo,..., Wt), and for 0 < i < t — 1, let Ti be the set of up-neighbours of vertices 
in ITj+i and let T = Tq U • • • U Tt-i. Thus M' is the set of all u G M that belong to a post with top 
in T. Choose h minimum such that T^ 7 ^ 0. Let Mi, M 2 be the sets of vertices in M that belong to 
posts with top in Th UTh+i and with top in T\ (Th UT/ 1 + 1 ) respectively. In view of 12.2 it suffices to 
bound x{M 2 ). For j = h -|- 2,..., A: let Sj be the set of vertices in Lj that belong to a post with top 
in T \ {Tfi U T/j+i). Thus every vertex of every such post belongs to Sj for some j. Choose u G IF/i+i 
with a neighbour t GTh. Consequently 


({n}, IF,,+ 2 , Wh+3, Wh+4 u Sh+ 2 , Wh+5 u Sh+3 ,..., ILt U St- 2 , St-i,..., Sk-i,Lk, s) 

is a shower S', and M 2 is a mat for it. Every vertex of U{S') belongs to Lj for some j > h -\- 2, 
except u. We claim there is a switch for this shower; but in 5o, not in 5. 

Let 5o be ( Jq, ..., Jk-s, Lk, s). Now 5 is obtained from So by raising some wand V say, where 
M is the shadow of T> on some mat Mq for Sq. Let T be Dq, ..., D^., and set Dt = % for i > r; 
then for 0 < i < t, Li C Di U {Ji -2 \ V{V)) (where J_i, J _2 = 0). Suppose that u G V{V)-, then 
since u G Lh+i, it follows that u G Dh+i- Every vertex of Wh-i has distance two from u, and so 
Wh-i n Jh -3 = 0; so Wh-i T Dh-i, since 


Wh-i C Lh-i T Dh-i U Jh-3- 
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Since t has no neighbour in Wh-i, and every vertex of is adjacent to every vertex of D^-i, it 
follows that t ^ Dh. But this contradicts 12.3, since t is an <S-parent of u. 

This proves that u ^ V(V). Since u G Wh+i C L^^i, it follows that u G Jh-i- By 12.1 applied to 
<So, there are two induced paths Pi, P 2 of G between u and Lq, such that |P(P 2 )| = |P(Pi)| + 2, and 
for j > h — 1 every vertex in Jj that belongs to or has a neighbour in either of these paths belongs 
to Dfi U Pfe+i U {u}. Since every vertex of U{S') belongs to Lj for some j > h + 2, except u, and Lj 
is disjoint from U D^+i (because Lj C Dj U {Jj -2 \ V{'S’))), it follows that (Pi, P 2 ) is a switch for 
S' in <So. Hence by 10.1, x(-^ 2 ) < C- Since two applications of 12.2 imply that 

x(-^i) < 2^ + 4:{{i' + l)(3z/^ + 1) + 7 )k, 

it follows that 

X(M') < 3C + 6((z/ + l){3u^ + 1) + 7)k. 

This proves 12.4. | 

12.5 Let C be a sidekiek for a. Let S = {Lq, ... ,Lk,s) be a stable shower in a eandidate G, with 
mat M, such that S is not {a + l)-complete over M. Let N = (3i/^ + 2){v + 1) + 5. Then 

X{M) < 19201A^'‘C + 38400iV®K. 

Proof. Let r = 40A^C + 80A^^(3C + Q{N — u + 1 )k + k). Let W be a wand in S, let M' be its 
shadow over M, and let S' be obtained by raising W. Every jet of S' is a jet of S, and so S' is not 
(fj + l)-complete. By 12.4, the shadow over M' of every wand in S' has chromatic number at most 

3C + 6(iV — u + 1)k. 

By 11.8 applied to S', it follows that x{SI') < t. 

Thus every wand in S has shadow over M with chromatic number at most r; and so the result 
follows from 11.8, since 

X(M) < 40iVC + 80iV2(r + k) < 192011V^C + 384001V®k. 

This proves 12.5. | 

Let us put these pieces together, to prove 5.1, in the following strengthened form. 

12.6 Let u > 2 and k > 0 be integers. Let N = (3z^^ + 2){v + 1) + 5, Ci = 1 ^! 0 ,'nd for 1 < a < n 
define 

Ca+i = 19201iV^Ca + 384001 V^k. 

Let G be a triangle-free graph such that x^(G') < where p = + 4. If G admits no hole 

u-interval then x{G) < 44z^(k + + 4k. 

Proof. By 8.1, Cl is a sidekick for 1. We claim that for 1 < ct < k, if Co- is a sidekick for a then 
Ccr+i is a sidekick for cr + 1. For let M be a mat for a stable shower 5 in a candidate G, such that 

S is not {a + l)-complete over M. By 12.5, x{SI) < Ccr+i- This proves the claim that Ctr+i is a 

sidekick for it + 1. Consequently C,u is a sidekick for u, and in particular, for every candidate G, every 
z/-incomplete stable shower in G has floor of chromatic number at most (fy. By 8.3, every candidate 
has chromatic number at most 44 k(k + + 4k. This proves 12.6. | 


43 



13 Acknowledgement 

Thanks to Maria Chudnovsky, who worked with us on parts of the proof. 


References 

[1] L. Addario-Berry, M. Chudnovsky, F. Havet, B. Reed and P. Seymour, “Bisimplicial vertices in 
even-hole-free graphs”, J. Combinatorial Theory, Ser. B, 98 (2008), 1119-1164. 

[2] M. Bonamy, P. Charbit and S. Thomasse, “Graphs with large chromatic number induce 3k- 
cycles”, submitted for publication (manuscript August 2014). 

[3] Maria Chudnovsky, Alex Scott and Paul Seymour, “Induced subgraphs of graphs with large 
chromatic number. II. Three steps towards Gyarfas’ conjectures”, submitted for publication 
(manuscript September 2014). 

[4] Maria Chudnovsky, Alex Scott and Paul Seymour, “Induced subgraphs of graphs with large 
chromatic number. III. Long holes”, submitted for publication (manuscript May 2015). 

[5] A. Gyarfas, “Problems from the world surrounding perfect graphs”, Proceedings of the Interna¬ 
tional Conference on Combinatorial Analysis and its Applications, (Pokrzywna, 1985), Zastos. 
Mat. 19 (1987), 413-441. 

[6] Alex Scott and Paul Seymour, “Induced subgraphs of graphs with large chromatic number. I. 
Odd holes”, submitted for publication (manuscript August 2014). 


44 



